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MODIFIED RINGEL-HALL ALGEBRAS AND DRINFELD DOUBLE
MING LU AND LIANGANG PENG
Abstract. Inspired by the works of Bridgeland and Gorsky on constructing Ringel-Hall algebras
from Z/2-graded complexes, we consider the category CZ/2(A) of Z/2-graded complexes over a
hereditary abelian category A which may not have enough projective objects, and define the
modified Ringel-Hall algebra of A, denoted by MHZ/2(A), to be the localization of a quotient
algebra of the Ringel-Hall algebra of CZ/2(A). We prove such Ringel-Hall algebra to be of some
nice properties and structures. The first one is that MHZ/2(A) has a nice basis. As a consequence
MHZ/2(A) is a free module over a suitably defined quantum torus of acyclic complexes, with a
basis given by the isomorphism classes of objects in the derived category of Z/2-graded complexes,
and so in somehow MHZ/2(A) has a similar meaning as the semi-derived Hall algebra of Gorsky.
The second one is that in twisted case MHZ/2(A) is isomorphic to the Drinfeld double Ringel-Hall
algebra of Hetw(A), the twisted extended Ringel-Hall algebra of A itself. In particular, the category
of finite-dimensional nilpotent representations of a quiver and the category of coherent sheaves on
a smooth projective curve or on a weighted projective line are hereditary abelian categories, and
so their twisted modified Ringel-Hall algebras are isomorphic to their Drinfeld double Ringel-Hall
algebras. Finally, if A has a tilting object T , then its modified Ringel-Hall algebra is isomorphic
to the Z/2-graded semi-derived Hall algebra SDHZ/2(addT ) of the exact category addT defined
by Gorsky and so isomorphic to the Bridgeland’s Ringel-Hall algebra of mod(End(T )).
1. Introduction
The Ringel-Hall algebra of an associative algebra A (or more generally an exact category ε) over
a finite field k = Fq, by definition, is an associative algebra over Q (or C) with a basis, indexed
by the isomorphism classes of all finite-dimensional A-modules. The structural coefficients, which
are called Ringel-Hall numbers, are related to the numbers of exact sequences in the modA of the
form 0→ L→M → N → 0. For A hereditary, a famous result in finite type case given by Ringel
[Rin3] and generalized to any type case by Green [Gr] shows that the composition subalgebra
of the twisted Ringel-Hall algebra of A is isomorphic to the positive part of the corresponding
quantum group. This means that the positive part of a quantum group and then of a Kac-Moody
algebra can be described in terms of the module category of a hereditary algebra. Later there
have been many attempts to construct the Ringel-Hall algebras from certain suitable categories to
describe or realize the whole quantum groups or the whole Kac-Moody algebras and not only the
positive parts. Among them, three typical constructions should be mentioned. The first one was
the Drinfeld double Ringel-Hall algebras from hereditary categories to realize the whole quantum
groups (see [Gr, X, SV]). The second one was the Ringel-Hall Lie algebras from root categories
(see [PX1, PX2, Hub]) to realize the whole Kac-Moody Lie algebras. The third one was the
derived Ringel-Hall algebras from derived categories or more generalized triangulated categories
with certain conditions (see [T, XX], for a slightly different version see [Kap]). However, these
constructions are still not so perfect in some sense, in which the first two constructions both are
of two pieces and the multiplications between these two pieces have to be put in by hand, and
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the last construction, namely the derived Ringel-Hall algebras, seems not to realize any quantum
group. So it is a problem whether there is a unified treatment using a complete Ringel-Hall algebra
approach to realize the whole quantum groups.
Recently Bridgeland in [Br] found a smart way to deal with this problem. He considered the
Ringel-Hall algebra of the exact category of Z/2-graded complexes with projective components of
an abelian category with enough projective objects, and then localized it at all classes of acyclic
complexes. In this way, when the category is hereditary he can realize the whole quantum group.
Later Gorsky in [Gor] constructed the so called semi-derived Hall algebra of Z-graded or Z/2-
graded complexes of an exact category satisfying certain finiteness conditions. In particular, his
Z/2-graded version requires the condition that the exact category has enough projective objects.
In this case he proved the semi-derived Hall algebra of Z/2-graded complexes is isomorphic to the
corresponding Bridgeland’s Ringel-Hall algebra.
The multiplicative structure of the semi-derived Hall algebra is slightly similar to the usual
Ringel-Hall multiplication but not completely. However, when the exact category is hereditary
and has enough projective objects, Gorsky proved that the multiplication of the semi-derived
Hall algebra is completely same to the usual Ringel-Hall multiplication, and the semi-derived Hall
algebra is isomorphic to a certain quotient of the Ringel-Hall algebra of complexes localized at
the classes of all acyclic complexes.
In this paper, inspired by the works of Bridgeland and Gorsky on constructing Ringel-Hall
algebras from Z/2-graded complexes and especially by the above last result of Gorsky, we consider
hereditary abelian categories which may not have enough projective objects. In particular, two
important kinds of hereditary abelian categories are included. One is the category of finite-
dimensional nilpotent representations of a quiver. The other one is the category of coherent
sheaves on a smooth projective curve or on a weighted projective line. For the last case, the
Ringel-Hall algebra or the Drinfeld double Ringel-Hall algebra is also related to some quantum
group, for example, used to realize the Drinfeld’s presentation of quantum loop algebra, see
[Sch1, Sch2, BS1, DJX, BS2]. Our main results are as follows.
Assume that A is a hereditary abelian category. After obtaining some homological properties of
Z/2-graded acyclic complexes in Section 2, we define in Section 3 the so called modified Ringel-Hall
algebra of A, denoted byMHZ/2(A), to be the localization of a quotient algebra of the Ringel-Hall
algebra of CZ/2(A), the category of all Z/2-graded complexes of A. We prove such Ringel-Hall
algebra to have a nice basis as a vector space. As a consequenceMHZ/2(A) is a free module over a
suitably defined quantum torus of acyclic complexes, with a basis given by the isomorphism classes
of objects in the derived category of Z/2-graded complexes, and so in somehow MHZ/2(A) has a
similar meaning as the semi-derived Hall algebra of Gorsky. In Section 4, we prove that in twisted
case MHZ/2(A) is isomorphic to the Drinfeld double Ringel-Hall algebra of H
e
tw(A), the twisted
extended Ringel-Hall algebra of A itself. Recently, Yanagida in [Y] proved the same result for
the Bridgeland’s Ringel-Hall algebra in case when A has enough projective objects. Our result is
more general and it shows in particular that over a finite field for the category of finite-dimensional
nilpotent representations of a quiver which may have oriented cycles and the category of coherent
sheaves on a smooth projective curve or on a weighted projective line, their twisted modified
Ringel-Hall algebras are isomorphic to their Drinfeld double Ringel-Hall algebras. In Section 5,
if A has a tilting object T , then its modified Ringel-Hall algebra is isomorphic to the Z/2-graded
semi-derived Hall algebra SDHZ/2(addT ) of the exact category addT , and so isomorphic to the
Bridgeland’s Ringel-Hall algebra of mod(End(T )). Finally we should say that with a similar way
one can easily get a Z-graded complex version of the modified Ringel-Hall algebra and it is still
of the almost same nice properties and structures.
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2. Z/2-graded complexes and homological properties of acyclic complexes
Let ε be an exact category. For the basics of the exact category, we refer to [Q, Bu¨h, Ke].
Let CZ/2(ε) be the exact category of Z/2-graded complexes over ε. Namely, an object M of this
category is a diagram with objects and morphisms in ε:
M0
d0 // M1
d1
oo , d1d0 = d0d1 = 0.
All indices of components of Z/2-graded objects will be understood modulo 2. A morphism
s :M → N is a diagram
M0
d0 //
s0

M1
d1
oo
s1

N0
e0 // N1
e1
oo
with si+1di = eisi.
The shift functor of complexes induces involution
CZ/2(ε)
∗ // CZ/2(ε)oo
which shifts the grading and changes the sign of the differential as following:
M0
d0 // M1
d1
oo
∗ // M1
−d1 //oo M0
−d0
oo .
For any object X ∈ ε, we denote by KX the object ( X
1 // X
0
oo ) ∈ CZ/2(ε), by K
∗
X the
object ( X
0 // X
1
oo ) ∈ CZ/2(ε), and by CX the object ( 0
// Xoo ) ∈ CZ/2(ε), by C
∗
X the object
( X // 0oo ) ∈ CZ/2(ε).
We also denote by Cb(ε) the category of the bounded complexes over ε. There exists an exact
functor
π : Cb(ε)→ CZ/2(ε),
which maps a complex (M i)i∈Z to the Z/2-graded complex⊕
i∈ZM
2i //⊕
i∈ZM
2i+1oo
with the naturally defined differentials.
Lemma 2.1. Let A be a hereditary abelian category and π : Cb(A)→ CZ/2(A) the natural projec-
tive functor. Then for any M = M0
f0 // M1
f1
oo ∈ CZ/2(A), there exist two objects U ∈ C
b(A) and
V ∈ Cb(A) such that there exist two short exact sequences of Z/2-graded complexes:
0→ Kker f0 → π(U)
qis
−−→M → 0, and 0→M
qis
−−→ π(V )→ Kcoker(f0) → 0.
Proof. The proof is based on [LP, Propostion 3.2], we give the proof here for convenience.
Let M = M0
f0 // M1
f1
oo . Denote by ker f0
i0
−→ M0 the kernel of f0 and by M1
p0
−→ coker f0
the cokernel of f0. Since f1f0 = 0, there exists a morphism h0 : coker f0 → ker f0 such that
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i0h0p0 = f1. Since A is hereditary we know that the action of Ext1(coker f0,−) on the canonical
epimorphism M0 ։ Im f0 induces an epimorphism
Ext1(coker f0,M0)։ Ext1(coker f0, Im f0).
So we have the following commutative diagram:
0 // M0
l0 // Z0 //
q0

coker f0 // 0
M0
f0 // M1
p0 // coker f0 // 0.
Then
M0 ⊕ ker f0
(l0,0)
// Z0(
0
h0p0q0
)oo
is a Z/2-graded complex. It is easy to check that the following diagram is a short exact sequence
of Z/2-graded complexes:
ker f0
1 //
(
−i0
1
)

ker f0
0
oo
−l0i0

M0 ⊕ ker f0
(l0,0)
//
(1,i0)

Z0(
0
h0p0q0
)oo
q0

M0
f0 // M1.
f1
oo
Therefore the morphism ((1, i0), q0) above is quasi-isomorphic. Take U to be the following complex
as we required:
· · · → 0→M0
l0
−→ Z0
h0p0q0
−−−−→ ker f0 → 0→ · · · .
Then the first exact sequence follows.
One can prove the second exact sequence dually. 
In the following, we prove that the Ext-projective and Ext-injective dimensions of any acyclic
complexes in CZ/2(A) are at most one when A is hereditary. First, we give the following lemma
for arbitrary abelian category B.
Lemma 2.2. Let B be an abelian (not necessarily hereditary) category. For any exact sequence
ξ : 0→ X1
f1
−→ X2
f2
−→ X3
f3
−→ X4 → 0, if there exist a commutative diagram
0 // Y 2
g2 //
t2

Y 3
g3 //
t3

X4 // 0
X2
f2 // X3
f3 // X4 // 0,
where the first row is a short exact sequence, then [ξ] = 0 in Ext2B(X
4,X1).
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Proof. The commutative diagram yields the following commutative diagram:
0 // X1
(
1
0
)
// X1 ⊕ Y 2
(0,g2) //
(f1,t2)

Y 3
g3 //
t3

X4 // 0
0 // X1
f1 // X2
f2 // X3
f3 // X4 // 0.
Denote by ξ′ the exact sequence in the first row of the above diagram. Then clearly [ξ′] = 0, so
[ξ] = [ξ′] = 0. 
Lemma 2.3. Let A be a hereditary abelian category. For any M,KX ∈ CZ/2(A), we have
(i) ExtpCZ/2(A)
(KX ,M) = 0 and Ext
p
CZ/2(A)
(K∗X ,M) = 0, for any p ≥ 2.
(ii) ExtpCZ/2(A)
(M,KX) = 0 and Ext
p
CZ/2(A)
(M,K∗X) = 0, for any p ≥ 2.
Proof. For any short exact sequence ξ : 0 → M → L → N → KX → 0 in Ext
2
CZ/2(A)
(KX ,M),
namely,
M0
h1 //
f0

L0
e0

h2 // N0
h3 //
d0

X
1

M1
h′1 //
f1
OO
L1
e1
OO
h′2 // N1
h′3 //
d1
OO
X.
0
OO
The proof of Lemma 2.1 yields that there is a short exact sequence 0→ Z
g2
−→ Y
g3
−→ X → 0 such
that the following diagram is commutative:
0 // Z
g2 //
β2

Y
g3 //
β3

X // 0
L0
h2 // N0
h3 // X // 0.
Then we get the following diagram of Z/2-graded complexes:
Z
1
!!❈
❈
❈
❈
❈
❈
❈
❈
g2 //
β2

Y
1
""❉
❉
❉
❉
❉
❉
❉
❉
g3 //
β3

X
1
  ❇
❇
❇
❇
❇
❇
❇
❇
1

Z
0
aa❈
❈
❈
❈
❈
❈
❈
❈ g2 //
e0β2

Y
0
bb❉
❉
❉
❉
❉
❉
❉
❉ g3 //
d0β3

X
1

0
``❇
❇
❇
❇
❇
❇
❇
❇
M0
f0
""❉
❉
❉
❉
❉
❉
❉
❉
h1 // L0
e0
  ❆
❆
❆
❆
❆
❆
❆
❆
h2 // N0
d0
!!❈
❈
❈
❈
❈
❈
❈
❈
h3 // X
1
  ❆
❆
❆
❆
❆
❆
❆
❆
M1
f1
bb❉
❉
❉
❉
❉
❉
❉
❉
h′1 // L1
e1
``❆
❆
❆
❆
❆
❆
❆
❆
h′2 // N1
d1
aa❈
❈
❈
❈
❈
❈
❈
❈
h′3 // X.
0
``❆
❆
❆
❆
❆
❆
❆
❆
In order to check that the above diagram is commutative, we only need to prove that the two front
squares commutate, which follows from h′2(e
0β2) = d
0h2β2 = d
0β3g2, and h
′
3d0β3 = h3β3 = g3.
Then Lemma 2.2 yields that [ξ] = 0 in Ext2CZ/2(A)(KX ,M). By the arbitrariness of ξ we get that
Ext2CZ/2(A)(KX ,M) = 0.
To sum up, we get the functor Ext2CZ/2(A)(KX ,−) = 0, then the Yoneda product yields
ExtpCZ/2(A)
(KX ,−) = 0 for any p ≥ 2.
One can prove by the involution that ExtpCZ/2(A)
(K∗X ,M) = 0 for any p ≥ 2.
One can also prove the remaining two formulas dually. 
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Proposition 2.4. Let A be a hereditary category. For any K,M ∈ CZ/2(A), if K is acyclic, then
ExtpCZ/2(A)
(K,M) = 0, ExtpCZ/2(A)
(M,K) = 0, for any p ≥ 2.
Proof. We denote by CcanZ/2,ac(A) the finite extension closure of the acyclic Z/2-graded complexes
of form KX and K
∗
X for X ∈ A. It is easy to see that C
can
Z/2,ac(A) is also closed under taking
isomorphisms.
First, we prove that π(X) ∈ CcanZ/2,ac(A) for any acyclic complex in C
b(A). In fact, for any
nonzero X ∈ Cb(A),
X = · · · → 0→ X l → · · · → Xm → 0→ · · · ,
where X l is the leftmost nonzero component and Xm is the rightmost nonzero component, then
the width of X is defined to be the number m− l+1. If X is zero, then the width of X is defined
to be 0. Note that X is acyclic since π(X) is acyclic. It is not hard to see that there exists a short
exact sequence of bounded complexes:
0→ K → X → Y → 0,
with K = · · · → 0→ X l
1
−→ X l → 0→ · · · and the width of Y is less than that of X. By induction
on the width, we can get that π(X) ∈ CcanZ/2,ac(A).
Second, from Lemma 2.3, we get that ExtpCZ/2(A)
(−,M) is zero when acting on KX ,K
∗
X for any
X ∈ A. Inductively, it is easy to see that ExtpCZ/2(A)
(K,M) = 0 and ExtpCZ/2(A)
(M,K) = 0 for any
p ≥ 2 and any K ∈ CcanZ/2,ac(A).
Lemma 2.1 implies that for any acyclic complex K = K0
d0 // K1
d1
oo , there exists U ∈ Cb(A)
such that
(1) 0→ Kker d0 → π(U)→ K → 0
is a short exact sequence. Then π(U) is also acyclic. Lemma 2.3 yields that
ExtpCZ/2(A)
(M,π(U)) = 0 = ExtpCZ/2(A)
(M,Kker d0),∀p ≥ 2.
Applying HomCZ/2(A)(M,−) to the short exact sequence (1), one can see that
ExtpCZ/2(A)
(M,K) = 0, for any p ≥ 2.
The other one is similar when we consider the short exact sequence
0→ K → π(V )→ Kcoker d0 → 0
for some acyclic complex V ∈ Cb(A) guaranteed by Lemma 2.1.

In the following, we always assume that A is a hereditary abelian k-category which is essentially
small with finite-dimensional homomorphism and extension spaces.
Let CZ/2,ac(A) denote the subcategory formed by acyclic complexes in CZ/2(A). We denote by
Iso(CZ/2(A)) the set of the isomorphism classes of CZ/2(A).
By Proposition 2.4, for objects [K], [A] ∈ Iso(CZ/2(A)) with K acyclic, we define the Euler
forms
〈[K], [A]〉 =
+∞∏
p=0
|ExtpCZ/2(A)(K,A)|
(−1)p =
|HomCZ/2(A)(K,A)|
|Ext1CZ/2(A)(K,A)|
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and
〈[A], [K]〉 =
+∞∏
p=0
|ExtpCZ/2(A)(A,K)|
(−1)p =
|HomCZ/2(A)(A,K)|
|Ext1CZ/2(A)(A,K)|
.
These forms descend to bilinear Euler forms on the Grothendieck groups K0(CZ/2,ac(A)) and
K0(CZ/2(A)), denoted by the same symbol:
〈·, ·〉 : K0(CZ/2,ac(A))×K0(CZ/2(A))→ Q
×,
and
〈·, ·〉 : K0(CZ/2(A))×K0(CZ/2,ac(A))→ Q
×.
These two form coincide on K0(CZ/2,ac(A))×K0(CZ/2,ac(A)).
We also use 〈·, ·〉 to denote the Euler form of A.
For any A ∈ A, we denote by Â the corresponding element in the Grothendieck group K0(A)
Recall that CX = ( 0
// Xoo ) and C∗X = ( X
// 0oo ) for any X ∈ A.
Proposition 2.5. For any A,B ∈ A, we get that
(i) 〈[CA], [KB ]〉 = 〈Â, B̂〉, 〈[C
∗
A], [KB ]〉 = 1, 〈[KB ], [CA]〉 = 1, 〈[KB ], [C
∗
A]〉 = 〈B̂, Â〉.
(ii) 〈[CA], [K
∗
B ]〉 = 1, 〈[C
∗
A], [K
∗
B ]〉 = 〈Â, B̂〉, 〈[K
∗
B ], [CA]〉 = 〈B̂, Â〉, 〈[K
∗
B ], [C
∗
A]〉 = 1.
Proof. It is easy to see that HomCZ/2(A)(CA,KB) = HomA(A,B). For any short exact sequence
in CZ/2(A):
B
1 //
l2

B
0
oo
l1

X0
f //

X1
g
oo
pi1

0 // Aoo
we have that X0 ∼= B with l2 the isomorphism, f = l1l
−1
2 , g = 0 since fg = 0 and f is injective.
So the short exact sequence is isomorphic to
B
1 //
1

B
0
oo
l1

B
l1 //

X1
0
oo
pi1

0 // A.oo
Then Ext1CZ/2(A)(CA,KB) = Ext
1
A(A,B). Thus 〈[CA], [KB ]〉 = 〈Â, B̂〉.
It is easy to see that HomCZ/2(A)(C
∗
A,KB) = 0. For any short exact sequence in CZ/2(A):
B
1 //
l2

B
0
oo
l1

X0
f //
pi2

X1
g
oo

A // 0oo
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we have that X1 ∼= B with l1 the isomorphism, g = 0 since gl1 = 0, l2 is a section and f is a
retraction since fl2 = l1. This implies X
0 ∼= A⊕B. So the short exact sequence is isomorphic to
B
1 //(
1
0
)

B
0
oo
1

B ⊕A
(1,f1) //
(0,1)

B
0
oo

A // 0.oo
However, there is a commutative diagram
B ⊕A
(1,f1) //(
1 f1
0 1
)

B
0
oo
1

B ⊕A
(1,0) // B,
0
oo
which yields that Ext1CZ/2(A)(C
∗
A,KB) = 0. Thus 〈[C
∗
A], [KB ]〉 = 1.
Similarly, one can prove the others. 
Corollary 2.6. For any X1,X2 ∈ A, we have
〈[KX1 ], [KX2 ]〉 = 〈X̂1, X̂2〉, 〈[K
∗
X1 ], [K
∗
X2 ]〉 = 〈X̂1, X̂2〉,
〈[KX1 ], [K
∗
X2 ]〉 = 〈X̂1, X̂2〉, 〈[K
∗
X1 ], [KX2 ]〉 = 〈X̂1, X̂2〉.
Proof. We only prove 〈[KX1 ], [K
∗
X2
]〉 = 〈X̂1, X̂2〉. The others are similar.
It is not hard to see that there is a short exact sequence
0→ CX1 → KX1 → C
∗
X1 → 0.
Then Proposition 2.5 implies that
〈[KX1 ], [K
∗
X2 ]〉 = 〈[CX1 ⊕ C
∗
X1 ], [K
∗
X1 ]〉
= 〈[CX1 ], [K
∗
X1 ]〉〈[C
∗
X1 ], [K
∗
X1 ]〉
= 〈X̂1, X̂2〉.

3. Modified Ringel-Hall algebras
Let ε be an essentially small exact category, linear over a finite field k = Fq. Assume that ε has
finite morphism and extension spaces:
|Hom(A,B)| <∞, |Ext1(A,B)| <∞, ∀A,B ∈ ε.
Given objects A,B,C ∈ ε, define Ext1(A,C)B ⊆ Ext
1(A,C) as the subset parameterizing
extensions whose middle term is isomorphic to B. We define the Ringel-Hall algebra H(ε) to be
the Q-vector space whose basis is formed by the isomorphism classes [A] of objects A of ε, with
the multiplication defined by
[A] ⋄ [C] =
∑
B∈Iso(ε)
|Ext1(A,C)B |
|Hom(A,C)|
[B].
It is well known that the algebra H(ε) is associative and unital. The unit is given by [0], where 0
is the zero object of ε, see [Rin2] and also [Rie, P, Hub, Br].
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In the following, we always assume that A is a hereditary abelian k-category which is essentially
small with finite-dimensional homomorphism and extension spaces.
LetH(CZ/2(A)) be the Ringel-Hall algebra of CZ/2(A), i.e., for L,M ∈ CZ/2(A), the Hall product
is defined to be the following sum:
[L] ⋄ [M ] =
∑
[X]∈Iso(CZ/2(A))
|Ext1CZ/2(A)(L,M)X |
|HomCZ/2(A)(L,M)|
[X].
It is well known that H(CZ/2(A)) is a K0(CZ/2(A))-graded algebra, where K0(CZ/2(A)) is the
Grothendieck group of CZ/2(A).
Let IZ/2 be the two-sided ideal of H(CZ/2(A)) generated by all differences [L]− [K⊕M ] if there
is a short exact sequence K ֌ L ։ M in CZ/2(A) with K acyclic. Then IZ/2 is generated by
K0(CZ/2(A))-homogeneous elements.
Let H(CZ/2(A))/IZ/2 be the quotient algebra. So H(CZ/2(A))/IZ/2 is also a K0(CZ/2(A))-graded
algebra. We also denote by ⋄ the induced multiplication in H(CZ/2(A))/IZ/2.
Lemma 3.1. For any K ∈ CZ/2,ac(A) and M ∈ CZ/2(A), then
[M ] ⋄ [K] =
1
〈[M ], [K]〉
[M ⊕K],
in H(CZ/2(A))/IZ/2. In particular, for any K1,K2 ∈ CZ/2,ac(A), we have
[K1] ⋄ [K2] =
1
〈[K1], [K2]〉
[K1 ⊕K2]
in H(CZ/2(A))/IZ/2.
Proof. For every short exact sequence K ֌ X ։ M , we get that [X] − [K ⊕M ] ∈ IZ/2, which
yields that
[M ] ⋄ [K] =
∑
X∈Iso(CZ/2(A))
|Ext1CZ/2(A)(M,K)X |
|HomCZ/2(A)(M,K)|
[X]
=
|Ext1CZ/2(A)(M,K)|
|HomCZ/2(A)(M,K)|
[M ⊕K]
=
1
〈[M ], [K]〉
[M ⊕K],
where the last equality follows from Proposition 2.4. 
In order to define our desire Ringel-Hall algebra, we need take a localization ofH(CZ/2(A))/IZ/2.
Let A be a ring with identity 1, and S a subset of A closed under multiplication, and 1 ∈ S.
Recall that a right localization of A with respect to S is a ring R and a ring map i : A→ R such
that
(i) i(s) is a unit in R for each s ∈ S,
(ii) every element of R has the form i(a)i(s)−1 for some a ∈ A, s ∈ S,
(iii) i(a)i(s)−1 = i(b)i(s)−1 if and only if at = bt for some t ∈ S.
Such a R is a universal S-inverting ring, and so is unique. Thus we can safely denote R by AS−1
when it exists. We will suppress the map i and write the elements of AS−1 as as−1.
We call S satisfies right Ore condition, if for all a ∈ A and s ∈ S, there exists a1 ∈ A and s1 ∈ S
such that sa1 = as1. We say S is right reversible if for any a ∈ A, s ∈ S and sa = 0 in A, then
there exists t ∈ S such that at = 0 in A.
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Øre’s localization Theorem states that the right localization AS−1 exists if and only if S is a
right Ore, right reversible subset of A.
Now we return to consider the algebra H(CZ/2(A))/IZ/2, and set SZ/2 to be the subset of
H(CZ/2(A))/IZ/2 formed by all q[K], where q ∈ Q
×, K ∈ CZ/2,ac(A). It is not hard to see that
SZ/2 is a multiplicatively closed subset with the identity [0] ∈ SZ/2.
Proposition 3.2. The multiplicatively closed subset SZ/2 is a right Ore, right reversible subset
of H(CZ/2(A))/IZ/2. Equivalently, the right localization of H(CZ/2(A))/IZ/2 with respect to SZ/2
exists, and we denote it by (H(CZ/2(A))/IZ/2)[S
−1
Z/2].
Proof. Easily, all the classes [M ] of Z/2-graded complexes are generators of H(CZ/2(A))/IZ/2.
First, for any Z/2-graded complex M and acyclic complex K, we get that
[K] ⋄ [M ] =
∑
N∈Iso(CZ/2(A))
|Ext1(K,M)N |
|Hom(K,M)|
[N ].
We choose and fix a short exact sequence 0 → M
fN−−→ N
gN−−→ K → 0 for each [N ] ∈ Iso(CZ/2(A))
satisfying |Ext1(K,M)N | 6= 0. Setting N = N
0
d0 // N1
d1
oo we denote Cone(1N ) the complex
N0 ⊕N1
(
d0 1
0 −d1
)
//(
d1 1
0 −d0
)oo N1 ⊕N0.
Then there is a natural surjective morphism s : Cone(1M )
∗ →M , and so there is quasi-isomorphism
which is surjective:
g2 = (fN , s) :M ⊕ Cone(1N )
∗ → N,
and then a short exact sequence
0→ A(fN ,gN )
g1
−→M ⊕ Cone(1N )
∗ g2−→ N → 0,
where A(fN ,gN ) is acyclic. For simplicity, we denote A(fN ,gN) by AN in the following. Then
[N ] ⋄ [AN ] =
1
〈[N ], [AN ]〉
[M ⊕ Cone(1N )
∗].
There is a commutative diagram
0

// M
1 //

M
f

AN
g1 //
1

M ⊕ Cone(1N )
∗ g2 //

N
g

AN
s1 // Cone(1N )
∗ s2 // K,
where the middle column is the split short exact sequence. Since the first two rows and all columns
in the above diagram are short exact sequences, we get that there exists s1, s2 such that
0→ AN
s1−→ Cone(1N )
∗ s2−→ K → 0
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is a short exact sequence. Then
[K] ⋄ [AN ] =
1
〈[K], [AN ]〉
[Cone(1N )
∗].
Let
[C] = [
⊕
[L]∈Iso(CZ/2)(A),|Ext
1(K,M)L|6=0
AL],
and
[DL] = [
⊕
[L′]∈Iso(CZ/2)(A),|Ext
1(K,M)L′ |6=0,L
′≇L
AL′ ]
for each [L] ∈ Iso(CZ/2)(A). Then [C] = 〈AL,DL〉[AL] ⋄ [DL] in H(CZ/2(A))/IZ/2 for each [L] ∈
Iso(CZ/2)(A). Thus
(2) [K] ⋄ ([M ] ⋄ [C])
=
∑
N∈Iso(CZ/2(A))
|Ext1(K,M)N |〈[AN ], [DN ]〉
|Hom(K,M)|
[N ] ⋄ [AN ] ⋄ [DN ]
=
∑
N∈Iso(CZ/2(A))
|Ext1(K,M)N |〈[AN ], [DN ]〉
|Hom(K,M)|〈[N ], [AN ]〉
[M ⊕ Cone(1N )
∗] ⋄ [DN ]
=
∑
N∈Iso(CZ/2(A))
|Ext1(K,M)N |〈[AN ], [DN ]〉〈[M ], [Cone(1N )
∗]〉
|Hom(K,M)|〈[N ], [AN ]〉
[M ] ⋄ [Cone(1N )
∗] ⋄ [DN ]
=
∑
N∈Iso(CZ/2(A))
|Ext1(K,M)N |〈[AN ], [DN ]〉〈[M ], [Cone(1N )
∗]〉
|Hom(K,M)|〈[M ], [AN ]〉
[M ] ⋄ [K] ⋄ [AN ] ⋄ [DN ]
=
∑
N∈Iso(CZ/2(A))
|Ext1(K,M)N |〈[M ], [K]〉
|Hom(K,M)|
[M ] ⋄ [K] ⋄ [C]
=
〈[M ], [K]〉
〈[K], [M ]〉
[M ] ⋄ [K] ⋄ [C]
= [M ] ⋄ (
〈[M ], [K]〉
〈[K], [M ]〉〈[K], [C]〉
[K ⊕ C]).
So SZ/2 satisfies the right Ore condition.
If [K] ⋄ (
∑n
i=1 ai[Mi]) = 0, then by H(CZ/2(A))/IZ/2 a K0(CZ/2(A))-graded algebra, we can
assume that all Mi, 1 ≤ i ≤ n are in the same class of K0(CZ/2(A)). By the equality (2), we get
that
0 = [K] ⋄ (
n∑
i=1
ai[Mi]) ⋄ [T ] =
n∑
i=1
ai
〈[Mi], [K]〉
〈[K], [Mi]〉
[Mi] ⋄ [K] ⋄ [T ],
for some T ∈ CZ/2,ac(A). By our assumption,
〈Mi,K〉
〈K,Mi〉
are equal for all 1 ≤ i ≤ n, which is denoted
by b. Note that b 6= 0. So
(
n∑
i=1
ai[Mi]) ⋄ (b[K ⊕ T ]) =
n∑
i=1
aib〈[K], [T ]〉[Mi] ⋄ [K] ⋄ [T ] = 0.
Thus SZ/2 is a right reversible subset. 
We also denote the multiplication in (H(CZ/2(A))/IZ/2)[S
−1
Z/2] by ⋄.
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Definition 3.3. For any hereditary abelian k-category A which is essentially small with finite-
dimensional homomorphism and extension spaces. (H(CZ/2(A))/IZ/2)[S
−1
Z/2] is called the (Z/2-
graded) modified Ringel-Hall algebra of A, and denoted by MHZ/2(A).
Lemma 3.4. For any K1,K2 ∈ CZ/2,ac(A) and M ∈ CZ/2(A), we have
[K] ⋄ [M ] =
1
〈[K], [M ]〉
[K ⊕M ] =
〈[M ], [K]〉
〈[K], [M ]〉
[M ] ⋄ [K]
[K1]
−1 ⋄ [K2]
−1 = 〈[K2], [K1]〉[K1 ⊕K2]
−1,
[K1]
−1 ⋄ [K2] =
〈[K1], [K2]〉
〈[K2], [K1]〉
[K2] ⋄ [K1]
−1
in MHZ/2(A).
Proof. For the first one, from the equality (2) in the proof of Proposition 3.2, we get that
[K] ⋄ [M ] ⋄ [C] =
〈[M ], [K]〉
〈[K], [M ]〉
[M ] ⋄ [K] ⋄ [C]
for some acyclic complex C, which implies that
[K] ⋄ [M ] =
〈[M ], [K]〉
〈[K], [M ]〉
[M ] ⋄ [K]
in MHZ/2(A).
The remaining two follow from Lemma 3.1 easily. 
In the following, we describe a basis of the modified Ringel-Hall algebra MHZ/2(A).
Consider the set Iso(CZ/2,ac(A)) of isomorphism classes [K] of acyclic Z/2-complexes and its
quotient by the following set of relations:
〈[K2] = [K1 ⊕K3]|K1 ֌ K2 ։ K3 is a short exact sequence〉.
If we endow Iso(CZ/2,ac(A)) with the addition given by direct sums, this quotient gives the
Grothendieck monoid M0(CZ/2,ac(A)). Define the quantum affine space of Z/2-graded acyclic
complexes AZ/2,ac(A) as the Q-monoid algebra of the Grothendieck monoid M0(CZ/2,ac(A)), with
the multiplication twisted by the inverse of the Euler form, i.e. the product of classes of acyclic
complexes K1,K2 ∈ CZ/2,ac(A) is defined as follows:
[K1] ⋄ [K2] :=
1
〈[K1], [K2]〉
[K1 ⊕K2].
Define the quantum torus of Z/2-graded acyclic complexes TZ/2,ac(A) as the Q-group algebra
of K0(CZ/2,ac(A)), with the multiplication twisted by the inverse of the Euler form as above. Note
that TZ/2,ac(A) is the right localization of AZ/2,ac(A) with respect to the set formed by all the
classes of acyclic complexes.
Note that MHZ/2(A) is a TZ/2,ac(A)-bimodule with the bimodule structure induced by the
Hall product.
We also define I ′Z/2 to be the linear subspace of H(CZ/2(A)) spanned by
{[L]− [K ⊕M ]|K ֌ L։M is a short exact sequence in CZ/2(A) with K acyclic}.
Similar to [Gor], we define on H(CZ/2(A))/I
′
Z/2 a bimodule structure over AZ/2,ac(A) by the rule
(3) [K] ⋄ [M ] :=
1
〈[K], [M ]〉
[K ⊕M ], [M ] ⋄ [K] :=
1
〈[M ], [K]〉
[M ⊕K].
Furthermore, we set
(H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] := TZ/2,ac(A)⊗AZ/2,ac(A) H(CZ/2(A))/I
′
Z/2 ⊗AZ/2,ac(A) TZ/2,ac(A),
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which is a bimodule over the quantum torus TZ/2,ac(A).
Lemma 3.5. The bimodule structure of (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] is induced by the Hall product.
Proof. We denote by q : H(CZ/2(A)) → H(CZ/2(A))/I
′
Z/2 the natural projection. For any K ∈
CZ/2,ac(A), M ∈ CZ/2(A), we have
q([M ] ⋄ [K]) = q(
∑
[N ]∈Iso(CZ/2(A))
|Ext1(M,K)N |
|Hom(M,K)|
[N ])
=
1
〈[M ], [K]〉
[M ⊕K]
= [M ] ⋄ [K],
where the second equality holds since q([N ]) = [M ⊕ K] in H(CZ/2(A))/I
′
Z/2 for any N with
Ext1(M,K)N 6= 0.
On the other hand, similar to the proof of Proposition 3.2, there exists an acyclic complex C
such that
q([K] ⋄ [M ] ⋄ [C]) =
〈[M ], [K]〉
〈[K], [M ]〉
q([M ] ⋄ [K] ⋄ [C]).
From the above, we get that
q([K] ⋄ [M ]) ⋄ [C] = q([K] ⋄ [M ] ⋄ [C])
=
〈[M ], [K]〉
〈[K], [M ]〉
q([M ] ⋄ [K] ⋄ [C])
=
〈[M ], [K]〉
〈[K], [M ]〉
q([M ] ⋄ [K]) ⋄ [C]
=
1
〈[K], [M ]〉
q([M ⊕K]) ⋄ [C].
Since [C] is invertible in (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2], we get that
q([K] ⋄ [M ]) =
1
〈[K], [M ]〉
q([M ⊕K]) = [K] ⋄ [M ]
in (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2], where we also use q : H(CZ/2(A)) → (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] to
denote the natural projection. 
For any A,B ∈ A with Â = B̂ = α, obviously, [KA] = [KB ], [K
∗
A] = [K
∗
B ] in both MHZ/2(A)
and (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2].
For any α ∈ K0(A), there exists A,B ∈ A such that α = Â − B̂, we set Kα to be
1
〈α,B̂〉
[KA] ⋄
[KB ]
−1. Then Kα is well-defined in both (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] and MHZ/2(A). In fact, we
only need to check that Kα does not depend on the selection of [A], [B] ∈ Iso(A) for α ∈ K0(A).
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If α = Â− B̂ = Â′ − B̂′ for A,B,A′, B′ ∈ A, then
(
1
〈α, B̂〉
[KA] ⋄ [KB ]
−1 −
1
〈α, B̂′〉
[KA′ ] ⋄ [KB′ ]
−1) ⋄ [KB ] ⋄ [KB′ ]
=
1
〈α, B̂〉
[KA] ⋄ [KB′ ]−
1
〈α, B̂′〉
〈B̂′, B̂〉
〈B̂, B̂′〉
[KA′ ] ⋄ [KB ]
=
1
〈α, B̂〉
1
〈Â, B̂′〉
[KA ⊕KB′ ]−
1
〈α, B̂′〉
〈B̂′, B̂〉
〈B̂, B̂′〉
1
〈Â′, B̂〉
[KA′ ⊕KB ]
=
1
〈α, B̂〉
1
〈Â, B̂′〉
[KA ⊕KB′ ]−
1
〈Â, B̂′〉
1
〈α, B̂〉
[KA′ ⊕KB ].
Since Â′+B̂ = Â+B̂′ inK0(A), we get that [KA⊕KB′ ] = [KA′⊕KB ] in both (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]
and MHZ/2(A). So
(
1
〈α, B̂〉
[KA] ⋄ [KB ]
−1 −
1
〈α, B̂′〉
[KA′ ] ⋄ [KB′ ]
−1) ⋄ [KB ] ⋄ [KB′ ] = 0,
and then
1
〈α, B̂〉
[KA] ⋄ [KB ]
−1 −
1
〈α, B̂′〉
[KA′ ] ⋄ [KB′ ]
−1 = 0
in both (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] and MHZ/2(A). Thus Kα is well-defined.
Similarly, for any α ∈ K0(A), we set K
∗
α to be
1
〈α,B̂〉
[K∗A] ⋄ [K
∗
B ]
−1, where A,B ∈ A satisfying
α = Â− B̂.
Proposition 3.6. Let M = ( M0
f0 // M1
f1
oo ). In both (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] and MHZ/2(A),
we have
[M ] = 〈Îm f0, Îm f1〉〈Îm f0, Ĥ0(M)〉〈Îm f1, Ĥ1(M)〉
[KIm f0 ] ⋄ [K
∗
Im f1 ] ⋄ [C
∗
H0(M) ⊕ CH1(M)].
Proof. We only prove it in MHZ/2(A) since the other one is similar.
From Lemma 2.1 and its proof, there is a short exact sequence
0→ Kker f0 → π(U)→M → 0,
where
U = · · · → 0→M0
l0
−→ Z0
h0p0q0
−−−−→ ker f0 → 0→ · · · .
Then
(4) [Kker f0 ] ⋄ [M ] =
1
〈[Kker f0 ], [M ]〉
[π(U)].
Note that l0 is injective. So there is a short exact sequence
0→ KM0 → π(U)→ V := ( ker f
0
0 // M1/ Im f0
g0
oo )→ 0,
where g0 is induced by f1. Then
(5) [KM0 ] ⋄ [V ] =
1
〈[KM0 ], [V ]〉
[π(U)].
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Applying Hom(H0(M),−) to the short exact sequence
0→ ker g0 →M1/ Im f0 → Im g0 → 0,
we get the following commutative diagram
ker g0 //M1/ Im f0 //

Im g0 ∼= Im f1

ker g0 // X0 //

ker f0

H0(M) H0(M).
So there is a short exact sequence
0→ K∗ker g0 →W := ( X
0
0 // ker g0 ⊕M1/ Im f0oo )→ V → 0,
and then
(6) [K∗ker g0 ] ⋄ [V ] =
1
〈[K∗
ker g0
], [V ]〉
[W ].
There is also a short exact sequence
0→ K∗M1/ Im f0 →W → [C
∗
H0(M) ⊕ CH1(M)]→ 0,
and then
(7) [K∗M1/ Im f0 ] ⋄ [C
∗
H0(M) ⊕ CH1(M)] =
1
〈[K∗
M1/ Im f0
], [C∗
H0(M)
⊕ CH1(M)]〉
[W ].
From the above identities (4)-(7), we get
[M ] =
1
〈[Kker f0 ], [M ]〉
[Kker f0 ]
−1 ⋄ [π(U)]
=
〈[KM0 ], [V ]〉
〈[Kker f0 ], [M ]〉
[Kker f0 ]
−1 ⋄ [KM0 ] ⋄ [V ]
=
〈[KM0 ], [V ]〉〈[Kker f0 ], [KIm f0 ]〉
〈[Kker f0 ], [M ]〉
[KIm f0 ] ⋄ [V ]
=
〈[KM0 ], [V ]〉〈[Kker f0 ], [KIm f0 ]〉
〈[Kker f0 ], [M ]〉〈[K
∗
ker g0
], [V ]〉
[KIm f0 ] ⋄ [K
∗
ker g0 ]
−1 ⋄ [W ]
=
〈[KM0 ], [V ]〉〈[Kker f0 ], [KIm f0 ]〉〈[K
∗
M1/ Im f0 ], [C
∗
H0(M) ⊕CH1(M)]〉
〈[Kker f0 ], [M ]〉〈[K
∗
ker g0
], [V ]〉
[KIm f0 ] ⋄ [K
∗
ker g0 ]
−1 ⋄ [K∗M1/ Im f0 ] ⋄ [C
∗
H0(M) ⊕ CH1(M)]
=
〈[KM0 ], [V ]〉〈[Kker f0 ], [KIm f0 ]〉〈[K
∗
M1/ Im f0 ], [C
∗
H0(M) ⊕CH1(M)]〉〈[K
∗
ker g0 ], [K
∗
Im f1 ]〉
〈[Kker f0 ], [M ]〉〈[K
∗
ker g0
], [V ]〉
[KIm f0 ] ⋄ [K
∗
Im f1 ] ⋄ [C
∗
H0(M) ⊕ CH1(M)].
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Note that
〈[KM0 ], [V ]〉〈[Kker f0 ], [KIm f0 ]〉〈[K
∗
M1/ Im f0 ], [C
∗
H0(M) ⊕ CH1(M)]〉〈[K
∗
ker g0 ], [K
∗
Im f1 ]〉
〈[Kker f0 ], [M ]〉〈[K
∗
ker g0
], [V ]〉
= 〈[KIm f0 ], [V ]〉〈[K
∗
Im f1 ], [C
∗
H0(M) ⊕ CH1(M)]〉
= 〈[KIm f0 ], [K
∗
Im f1 ]〉〈[KIm f0 ], [C
∗
H0(M) ⊕ CH1(M)]〉〈[K
∗
Im f1 ], [C
∗
H0(M) ⊕ CH1(M)]〉.
Then
[M ] = 〈[KIm f0 ], [K
∗
Im f1 ]〉〈[KIm f0 ], [C
∗
H0(M) ⊕ CH1(M)]〉〈[K
∗
Im f1 ], [C
∗
H0(M) ⊕CH1(M)]〉
[KIm f0 ] ⋄ [K
∗
Im f1 ] ⋄ [C
∗
H0(M) ⊕ CH1(M)]
= 〈Îm f0, Îm f1〉〈Îm f0, Ĥ0(M)〉〈Îm f1, Ĥ1(M)〉
[KIm f0 ] ⋄ [K
∗
Im f1 ] ⋄ [C
∗
H0(M) ⊕ CH1(M)]
where the last equality follows from Proposition 2.5 and Corollary 2.6 immediately. 
In the following, we describe a basis of (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2], and after then, we prove that
MHZ/2(A) and (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] are isomorphic as TZ/2,ac(A)-bimodules. Before that, we
give some results which are crucial to get the basis.
Proposition 3.7. Let B be an abelian category. For any objects
U = ( U0
k0 // U1
k1
oo ), V = ( V 0
f0 // V 1
f1
oo ),W = ( W 0
e0 // W 1
e1
oo ) ∈ CZ/2(B),
if there is a short exact sequence 0 → U
h1−→ V
h2−→ W → 0, then the following statements are
equivalent.
(i) 0→ Im ki
ti1−→ Im f i
ti2−→ Im ei → 0 is short exact for each i = 0, 1.
(ii) 0→ ker ki
si1−→ ker f i
si2−→ ker ei → 0 is short exact for each i = 0, 1.
(iii) 0→ H i(U)
ri1−→ H i(V )
ri2−→ H i(W )→ 0 is short exact for each i = 0, 1.
Here the morphisms are induced by h1 and h2.
In particular, if U or W is acyclic, then Îm f0 = Îm k0 + Îm e0 and Îm f1 = Îm k1 + Îm e1 in
K0(A).
Proof. “Snake Lemma” yields that the induced sequences
0→ ker ki
si1−→ ker f i
si2−→ ker ei
is exact for each i = 0, 1. We get the following commutative diagram:
0 // ker ki
si1 //


ker f i
si2 //


ker ei

0 // U i //

V i //

W i

// 0
Im ki
ti1 // Im f i
ti2 // Im ei
with the columns exact.
From the above commutative diagram, the equivalence of (i) and (ii) follows from the “Snake
Lemma” immediately. Furthermore, we also get that ti2 is surjective for each i = 0, 1.
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We also get the following commutative diagram:
Im ki
ti1 //

Im f i
ti2 //

Im ei

// 0
0 // ker ki+1
si1 //

ker f i+1
si2 //

ker ei+1

H i+1(U)
ri1 // H i+1(V )
ri2 // H i+1(W )
with the columns exact.
(iii)⇒(ii): Since ri2 and t
i
2 are surjective, we get that s
i
2 is also surjective, and then 0→ ker k
i →
ker f i → ker ei → 0 is short exact for each i = 0, 1.
(ii)⇒(iii): Since 0 → ker ki → ker f i → ker ei → 0 is short exact for i = 0, 1, from the
equivalence of (i) and (ii), we get that 0→ Im ki → Im f i → Im ei → 0 is short exact for i = 0, 1.
So 0→ H i(U)
ri1−→ H i(V )
ri2−→ H i(W )→ 0 is short exact for each i = 0, 1.
In particular, if U or W is acyclic, then (iii) is true, which implies that (i) holds, so Îm f i =
Îm ki + Îm ei for each i = 0, 1. 
Note that CZ/2,ac(A) is an extension-closed subcategory of CZ/2,ac(A) and so an exact category.
Let H(CZ/2,ac(A)) be the Ringel-Hall algebra of CZ/2,ac(A). Then H(CZ/2,ac(A)) is a subalgebra
of H(CZ/2(A)), which implies that H(CZ/2(A)) is a H(CZ/2,ac(A))-bimodule.
We set G to be the following set
G := {(α, β, [A], [B]) |α, β ∈ K0(A), [A], [B] ∈ Iso(A)}.
For any [A], [B] ∈ Iso(A), we denote the subset {(α, β, [A], [B]) |α, β ∈ K0(A)} by G(A,B). It
is not hard to see that for any G(A,B) is an abelian group with the group structure induced by
K0(A). It is natural to identify G(0, 0) with the group K0(A)×K0(A).
It is not hard to see that H(CZ/2(A)) is a G-graded linear space, i.e.
H(CZ/2(A)) =
⊕
(α,β,[A],[B])∈G
(
⊕
Îm f0 = α, Îm f1 = β,
H0(M) ≃ A,H1(M) ≃ B
Q[M ]),
where M = ( M0
f0 // M1
f1
oo ). In particular,
H(CZ/2,ac(A)) =
⊕
(α,β)∈G(0,0)
(
⊕
Îm d0=α,Îm d1=β
Q[K]),
where K = ( K0
d0 // K1
d1
oo ).
Lemma 3.8. (i) H(CZ/2,ac(A)) is a G(0, 0)-graded algebra.
(ii) Let h ∈ H(CZ/2(A)), v ∈ H(CZ/2,ac(A)) be the homogeneous elements of grades (α, β, [A], [B]) ∈
G and (γ1, γ2) ∈ G(0, 0) respectively. Then h⋄ v is homogeneous of grade (α+ γ1, β+ γ2, [A], [B]).
(iii) (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] is a G-graded linear space.
Proof. Since (i) is a speical case of (ii), we only need to prove (ii). Without loss of generality, we
only prove for the case h = [M ] ∈ Iso(CZ/2(A)), v = [K] ∈ Iso(CZ/2,ac(A)) .
18 LU AND PENG
For any complexes M = ( M0
e0 // M1
e1
oo ) ∈ CZ/2(A),K = ( K
0
f0 // K1
f1
oo ) ∈ CZ/2,ac(A), the
grade of [M ] (resp. K) is (Îm e0, Îm e1, [H0(M)], [H1(M)]) (resp. (Îm f0, Îm f1)). Then
[M ] ⋄ [K] =
∑
[N ]∈Iso(CZ/2,ac(A))
|Ext1CZ/2(A)(M,K)N |
|HomCZ/2(A)(M,K)|
[N ],
where N = ( N0
g0N // N1
g1N
oo ). If |Ext1CZ/2(A)(M,K)N | 6= 0, then there exists a short exact sequence
0→ K → N →M → 0. Proposition 3.7 yields that
Îm g0N = Îm e
0 + Îm f0, Îm g1N = Îm e
1 + Îm f1,
which are same for any N if |Ext1CZ/2(A)(A,K)N | 6= 0. Thus [M ] ⋄ [K] is G-homogeneous of grade
(Îm e0 + Îm f0, Îm e1 + Îm f1, [H0(M)], [H1(M)]).
(iii) From Proposition 3.7, for any short exact sequence 0→ K →M → N → 0 with K acyclic,
we get that [M ]− [K⊕N ] is a G-homogeneous element, which implies that I ′Z/2 is a homogeneous
linear subspace, and then H(CZ/2(A))/I
′
Z/2 is a G-graded linear space. Similar to (ii), it is not
hard to see that (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] is a G-graded linear space. 
Theorem 3.9. (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] has a basis consisting of elements
[CA ⊕ C
∗
B ] ⋄Kα ⋄K
∗
β , [A], [B] ∈ Iso(A), α, β ∈ K0(A).
Proof. Lemma 3.8 shows that (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] is a G-graded linear space, and the grade
of [CA ⊕ C
∗
B ] ⋄Kα ⋄K
∗
β is (α, β, [A], [B]) ∈ G, for any α, β ∈ K0(A), [A], [B] ∈ Iso(A).
We assume that ∑
α, β ∈ K0(A)
[A], [B] ∈ Iso(A)
aα,β,[A],[B][CA ⊕ C
∗
B ] ⋄Kα ⋄K
∗
β = 0
in (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2], where aα,β,[A],[B] ∈ Q. Then aα,β,[A],[B][CA ⊕ C
∗
B ] ⋄Kα ⋄K
∗
β = 0 for
any α, β ∈ K0(A), [A], [B] ∈ Iso(A), since (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] is a G-graded linear space.
For any α, β ∈ K0(A), we choose the objects A
α
1 , A
α
2 , B
β
1 , B
β
2 and fix them in the following, such
that α = Âα1 − Â
α
2 and β = B̂
β
1 − B̂
β
2 . Recall that
Kα =
1
〈α, Âα2 〉
[KAα1 ] ⋄ [KAα2 ]
−1, K∗β =
1
〈β, B̂β2 〉
[K∗
Bβ1
] ⋄ [K∗
Bβ2
]−1.
So we get that
aα,β,[A],[B][CA ⊕ C
∗
B ] ⋄Kα ⋄K
∗
β ⋄ [KAα2 ⊕K
∗
Bβ2
]
= aα,β,[A],[B]
〈Âα2 , B̂
β
2 〉
〈α, Âα2 〉〈β, B̂
β
2 〉
[CA ⊕ C
∗
B ] ⋄ [KAα1 ] ⋄ [KAα2 ]
−1 ⋄ [K∗
Bβ1
] ⋄ [K∗
Bβ2
]−1 ⋄ [KAα2 ] ⋄ [K
∗
Bβ2
]
= aα,β,[A],[B]
〈Âα2 , B̂
β
2 〉
〈α, Âα2 〉〈β, B̂
β
2 〉
〈Âα2 , β〉
〈β, Âα2 〉
[CA ⊕ C
∗
B ] ⋄ [KAα1 ] ⋄ [K
∗
Bβ1
]
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in (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]. It is easy to see that
〈Âα2 , B̂
β
2 〉
〈α, Âα2 〉〈β, B̂
β
2 〉
〈Âα2 , β〉
〈β, Âα2 〉
only depend on α, β ∈ K0(A), and we denote it by bα,β. Note that bα,β > 0 for any α, β ∈ K0(A).
Then
aα,β,[A],[B]bα,β[CA ⊕C
∗
B ] ⋄ [KAα1 ] ⋄ [K
∗
Bβ1
] = 0
in (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2].
The definition of the bimodule structure of (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] implies that there exists
U ∈ CZ/2,ac(A) such that
aα,β,[A],[B]bα,β[CA ⊕ C
∗
B ] ⋄ [KAα1 ] ⋄ [K
∗
Bβ1
] ⋄ [U ] = 0
in H(CZ/2(A))/I
′
Z/2, in other words,
aα,β,[A],[B]bα,β[CA ⊕ C
∗
B] ⋄ [KAα1 ] ⋄ [K
∗
Bβ1
] ⋄ [U ]
= aα,β,[A],[B]bα,βcα,β,[A],[B][CA ⊕ C
∗
B ⊕KAα1 ⊕K
∗
Bβ1
⊕ U ] ∈ I ′Z/2
in H(CZ/2(A)), where
cα,β,[A],[B] =
1
〈[CA ⊕C∗B ], [KAα1 ⊕K
∗
Bβ1
⊕ U ]〉〈[KAα1 ], [K
∗
Bβ1
⊕ U ]〉〈[K∗
Bβ1
], [U ]〉
.
Then we get that
aα,β,[A],[B]bα,βcα,β,[A],[B][CA ⊕ C
∗
B ⊕KAα1 ⊕K
∗
Bβ1
⊕ U ]
=
n∑
i=1
ci([Mi]− [Ki ⊕Ni]),
where ci ∈ Q andKi ∈ CZ/2,ac(A),Mi, Ni ∈ CZ/2(A) satisfy that there exists a short exact sequence
0→ Ki →Mi → Ni → 0
for each 1 ≤ i ≤ n. Since the isomorphism classes form a basis of H(CZ/2(A)), specializing all of
them to be the identity element, we get that
aα,β,[A],[B]bα,βcα,β,[A],[B] =
n∑
i=1
ci(1− 1) = 0.
It is not hard to see that bα,βcα,β,[A],[B] > 0, we get that aα,β,[A],[B] = 0 for any α, β ∈ K0(A), [A], [B] ∈
Iso(A). So
[CA ⊕ C
∗
B ] ⋄Kα ⋄K
∗
β , α, β ∈ K0(A), [A], [B] ∈ Iso(A)
is a linear independent subset of (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2].
On the other hand, from Proposition 3.6 we get that
[CA ⊕ C
∗
B ] ⋄Kα ⋄K
∗
β , α, β ∈ K0(A), [A], [B] ∈ Iso(A)
span the whole space, and then it is a basis of (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]. 
Now, we prove that MHZ/2(A) and (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] are isomorphic as TZ/2,ac(A)-
bimodules.
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Lemma 3.10. Let 0→ K
h1−→M
h2−→ N → 0 be a short exact sequence with K acyclic. Then for
any L we have
q([L] ⋄ ([M ]− [K ⊕N ])) = 0,
where q : H(CZ/2(A))→ (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] is the natural projection.
Proof. Proposition 3.6 yields that
q([L] ⋄ [M ]) =
∑
[V ]∈Iso(CZ/2(A))
|Ext1(L,M)V |
|Hom(L,M)|
q([V ])
=
∑
[A], [B] ∈ Iso(A),
α, β ∈ K0(A)
∑
[V ], V = ( V 0
f0 //
V 1
f1
oo )
H0(V ) ≃ A,H1(V ) ≃ B
Îm f0 = α, Îm f1 = β
〈α, β〉〈α, Â〉〈β, B̂〉
|Ext1(L,M)V |
|Hom(L,M)|
[Kα] ⋄ [K
∗
β] ⋄ [CA ⊕ C
∗
B].
Similarly,
q([L] ⋄ [K ⊕N ]) =
∑
[U ]∈Iso(CZ/2(A))
|Ext1(L,K ⊕N)U |
|Hom(L,K ⊕N)|
q([U ])
=
∑
[A], [B] ∈ Iso(A),
α, β ∈ K0(A)
∑
[U ], U = ( U0
d0 //
U1
d1
oo )
H0(U) ≃ A,H1(U) ≃ B
Îm d0 = α, Îm d1 = β
〈α, β〉〈α, Â〉〈β, B̂〉
|Ext1(L,K ⊕N)U |
|Hom(L,K ⊕N)|
[Kα] ⋄ [K
∗
β] ⋄ [CA ⊕ C
∗
B ]
So we only need to check that for any [A], [B] ∈ Iso(A), α, β ∈ K0(A),
(8)
∑
[V ], V = ( V 0
f0 //
V 1
f1
oo )
H0(V ) ≃ A,H1(V ) ≃ B
Îm f0 = α, Îm f1 = β
|Ext1(L,M)V |
|Hom(L,M)|
=
∑
[U ], U = ( U0
d0 //
U1
d1
oo )
H0(U) ≃ A,H1(U) ≃ B
Îm d0 = α, Îm d1 = β
|Ext1(L,K ⊕N)U |
|Hom(L,K ⊕N)|
.
Applying Hom(L,−) to the short exact sequence 0→ K
h1−→M
h2−→ N → 0, we get a long exact
sequence
0→ Hom(L,K)→ Hom(L,M)→ Hom(L,N)→ Ext1(L,K)
→ Ext1(L,M)
ϕ
−→ Ext1(L,N)→ Ext2(L,K) = 0.
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So ϕ is surjective. More precisely, for any ξ ∈ Ext1(L,M), which is represented by 0 → M
f1
−→
V
f2
−→ L→ 0, then ϕ(ξ) is represented by 0→ N
g1
−→W
g2
−→ L→ 0 constructed by pushout:
K
h1 // M
h2 //
f1

N
g1

K // V //
f2

W
g2

L L.
Let K = ( K0
k0 // K1
k1
oo ). For any [A], [B] ∈ Iso(A), α, β ∈ K0(A), we set
V[A],[B],α,β :=
⊔
[V ], V = ( V 0
f0 //
V 1
f1
oo )
H0(V ) ≃ A,H1(V ) ≃ B
Îm f0 = α, Îm f1 = β
Ext1(L,M)V
and
W[A],[B],α,β :=
⊔
[W ],W = ( W 0
e0 //
W 1
e1
oo )
H0(W ) ≃ A,H1(W ) ≃ B
Îm e0 = α− Îm k0, Îm e1 = β − Îm k1
Ext1(L,N)W .
Combined with Proposition 3.7, ϕ induces a surjective map Φ : V[A],[B],α,β →W[A],[B],α,β. It is easy
to see that Φ−1(W[A],[B],α,β) = ϕ
−1(W[A],[B],α,β). For any ξ ∈ W[A],[B],α,β, we get that |Φ
−1(ξ)| =
|Φ−1(0)| = | kerϕ|, where 0 ∈ Ext1(L,N). From the long exact sequence 0 → Hom(L,K) →
Hom(L,M)→ Hom(L,N)→ Ext1(L,K)→ kerϕ→ 0, we get that
(9) | kerϕ| =
|Ext1(L,K)||Hom(L,M)|
|Hom(L,K)||Hom(L,N)|
.
So
|V[A],[B],α,β| = |W[A],[B],α,β|
|Ext1(L,K)||Hom(L,M)|
|Hom(L,K)||Hom(L,N)|
.
On the other hand, we set
U[A],[B],α,β :=
⊔
[U ], U = ( U0
d0 //
U1
d1
oo )
H0(U) ≃ A,H1(U) ≃ B
Îm d0 = α, Îm d1 = β
Ext1(L,K ⊕N)U .
Similarly, applying Hom(L,−) to the split exact sequence 0 → K → K ⊕ N → N → 0, we can
get a surjective map Ψ : U[A],[B],α,β →W[A],[B],α,β, and
|U[A],[B],α,β| = |W[A],[B],α,β||Ext
1(L,K)|.
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Then
LHS of the equation (8) =
|V[A],[B],α,β|
|Hom(L,M)|
=
|W[A],[B],α,β||Ext
1(L,K)|
|Hom(L,K)||Hom(L,N)|
=
|U[A],[B],α,β|
|Hom(L,K ⊕N)|
= RHS of the equation (8).
The proof is complete. 
Dually, we also get the following result.
Lemma 3.11. Let 0→ K
h1−→M
h2−→ N → 0 be a short exact sequence with K acyclic. Then for
any L, we have
q(([M ] − [K ⊕N ]) ⋄ [L]) = 0,
where q : H(C2(A))→ (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] is the natural projection.
Proof. Similar to Lemma 3.10, we only need to check that for any [A], [B] ∈ Iso(A) and α, β ∈
K0(A),
(10)
∑
[V ], V = ( V 0
f0 //
V 1
f1
oo )
H0(V ) ≃ A,H1(V ) ≃ B
Îm f0 = α, Îm f1 = β
|Ext1(M,L)V |
|Hom(M,L)|
=
∑
[U ], U = ( U0
d0 //
U1
d1
oo )
H0(U) ≃ A,H1(U) ≃ B
Îm d0 = α, Îm d1 = β
|Ext1(K ⊕N,L)U |
|Hom(K ⊕N,L)|
.
Let M = M0
d0 // M1
d1
oo and Cone(1M ) be the complex:
M0 ⊕M1
(
d0 1
0 −d1
)
//(
d1 1
0 −d0
)oo M1 ⊕M0.
Then there is a natural injective morphism s :M → Cone(1M ), which yields a quasi-isomorphism
which is injective:
g1 :=
(
h2
s
)
:M → N ⊕ Cone(1M ),
and then there is a short exact sequence
(11) 0→M
g1
−→ N ⊕ Cone(1M )
g2
−→ C → 0,
where C is acyclic.
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There is a commutative diagram
K
s1 //
h1

Cone(1M )
s2 //

C
1

M
g1 //
h2

N ⊕ Cone(1M )
g2 //

C

N
1 // N // 0.
Since the last two arrows and all collomns in the above diagram are short exact sequences, we get
that there exists s1, s2 such that
0→ K
s1−→ Cone(1M )
s2−→ C → 0
is short exact. So there is a short exact sequence
(12) 0→ K ⊕N
t1−→ N ⊕ Cone(1M )
t2−→ C → 0.
We assume that C = ( C0
c0 // C1
c1
oo ) and K = ( K0
k0 // K1
k1
oo ). Denote by
W ′[A],[B],α,β :=
⊔
[W ],W = ( W 0
e0 //
V 1
e1
oo )
H0(W ) ≃ A,H1(W ) ≃ B
Îm e0 = α + Îm c0, Îm e1 = β + Îm c1
Ext1(N ⊕ Cone(1M ), L)W ,
and
V ′[A],[B],α,β :=
⊔
[V ], V = ( V 0
f0 //
V 1
f1
oo )
H0(V ) ≃ A,H1(V ) ≃ B
Îm e0 = α, Îm e1 = β
Ext1(M,L)V .
Dual to the proof of Lemma 3.10, we get that
|W ′[A],[B],α,β| = |V
′
[A],[B],α,β|
|Hom(N ⊕ Cone(1M ), L)||Ext
1(C,L)|
|Hom(C,L)||Hom(M,L)|
.
On the other hand, denote by
U ′[A],[B],α,β :=
⊔
[U ], U = ( U0
d0 //
U1
d1
oo )
H0(U) ≃ A,H1(U) ≃ B
Îm d0 = α, Îm d1 = β
Ext1(K ⊕N,L)U .
Then
|W ′[A],[B],α,β| = |U
′
[A],[B],α,β|
|Hom(N ⊕ Cone(1M ), L)||Ext
1(C,L)|
|Hom(C,L)||Hom(K ⊕N,L)|
.
Therefore,
|V ′[A],[B],α,β|
|Hom(M,L)|
=
|U ′[A],[B],α,β|
|Hom(K ⊕N,L)|
,
and the equation (10) follows immediately. 
24 LU AND PENG
Theorem 3.12. The natural projection q : H(CZ/2(A)) → (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] induces that
MHZ/2(A) is isomorphic to (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] as TZ/2,ac(A)-bimodules.
Proof. We check that q([L1] ⋄ ([M ]− [K ⊕N ]) ⋄ [L2]) = 0, for any Z/2-complexes L1, L2 and any
short exact sequence K ֌M ։ N with K acyclic.
For any L2 ∈ CZ/2(A), and any short exact sequence 0 → K
h1−→ M
h2−→ N → 0, Lemma
3.11 implies that there is an acyclic complex K2 such that q(([M ] − [K ⊕ N ]) ⋄ [L2]) ⋄ [K2] = 0
in H(CZ/2(A))/I
′
Z/2. So q(([M ] − [K ⊕ N ]) ⋄ L2 ⋄ [K2]) = 0 in H(CZ/2(A))/I
′
Z/2 since the right
AZ/2,ac(A)-module structure of H(CZ/2(A))/I
′
Z/2 is induced by the Hall product. Therefore,
([M ]− [K ⊕N ]) ⋄ L2 ⋄ [K2] =
∑
i
ai(Mi − [Ti ⊕Ni])
in H(CZ/2(A)) with ai ∈ Q, Ti acyclic, and there is a short exact sequence 0→ Ti →Mi → Ni → 0
for any i. So Lemma 3.10 implies that
q([L1] ⋄ ([M ]− [K ⊕N ]) ⋄ [L2] ⋄ [K2]) = 0
in (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2], and then q([L1] ⋄ ([M ]− [K ⊕N ]) ⋄ [L2]) ⋄ [K2] = 0, which yields that
q([L1] ⋄ ([M ] − [K ⊕N ]) ⋄ [L2]) = 0 since [K2] is invertible in TZ/2,ac(A). Then by the definition
of IZ/2, we get that q induces a linear map
q¯ : H(CZ/2(A))/IZ/2 → (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2],
and then a morphism q˜ : (H(CZ/2(A))/IZ/2)[S
−1
Z/2] → (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2] which maps as
−1
to 1⊗ a⊗ s−1 for any as−1 ∈ (H(CZ/2(A))/IZ/2)[S
−1
Z/2], where 1 = [0].
On the other hand, it is easy to see that the natural projection
p : H(CZ/2(A))→ (H(CZ/2(A))/IZ/2)[S
−1
Z/2]
induces a linear map p˜ : (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]→ (H(CZ/2(A))/IZ/2)[S
−1
Z/2] directly, which maps
s−11 ⊗ a⊗ s
−1
2 to s
−1
1 as
−1
2 for any s
−1
1 ⊗ a⊗ s
−1
2 ∈ (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2].
Easily, p˜q˜ and q˜p˜ are identity morphisms, so
(H(CZ/2(A))/IZ/2)[S
−1
Z/2] ≃ (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]
as linear spaces. Lemma 3.4 and Lemma 3.5 show that they are isomorphic as TZ/2,ac(A)-
bimodules. 
From the above, we get the following corollaries.
Corollary 3.13. MHZ/2(A) has a basis consisting of elements
[CA ⊕ C
∗
B] ⋄ [Kα] ⋄ [K
∗
β ], [A], [B] ∈ Iso(A), α, β ∈ K0(A).
Proof. It follows from Theorem 3.9 and Theorem 3.12 immediately. 
The following corollary describes the relation between IZ/2 and I
′
Z/2 clearly.
Corollary 3.14. For any
∑n
i=1 ai[Mi] ∈ IZ/2, ai ∈ Q for 1 ≤ i ≤ n, there exists V ∈ CZ/2,ac(A)
such that
n∑
i=1
ai
1
〈[Mi], [V ]〉
[Mi ⊕ V ] ∈ I
′
Z/2.
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Proof. From Theorem 3.12, we get that the natural projection
q : H(CZ/2(A))→ (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]
maps IZ/2 to be zero in (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]. By the definition of (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2],
we get that for any
∑n
i=1 ai[Mi] ∈ IZ/2, there exists [V ] ∈ SZ/2 such that
q(
n∑
i=1
ai[Mi]) ⋄ [V ] = 0 in H(CZ/2(A))/I
′
Z/2,
where we also use q to denote the natural projection q : H(CZ/2(A)) → H(CZ/2(A))/I
′
Z/2. Note
that
q(
n∑
i=1
ai[Mi]) ⋄ [V ] = q(
n∑
i=1
ai
1
〈[Mi], [V ]〉
[Mi ⊕ V ])
by the definition of the module structure. So we get that
n∑
i=1
ai
1
〈[Mi], [V ]〉
[Mi ⊕ V ] = 0
in H(CZ/2(A))/I
′
Z/2, and then
∑n
i=1 ai
1
〈[Mi],[V ]〉
[Mi ⊕ V ] ∈ I
′
Z/2. 
Corollary 3.15. MHZ/2(A) is a free module over the quantum torus TZ/2,ac(A), with a basis
given by {[CA ⊕ C
∗
B ]|[A], [B] ∈ Iso(A)}.
Proof. From Corollary 3.13, we get that
MHZ/2(A) =
⊕
[A],[B]∈Iso(A)
[CA ⊕ C
∗
B ] ⋄ TZ/2,ac(A),
and then it is a free module over the quantum torus TZ/2,ac(A). 
Remark 3.16. Corollary 3.15 shows that the underlying linear space of MHZ/2(A) is same as
that used by Gorsky [Gor] to define Z/2-graded semi-derived Hall algebra of A in case when A
has enough projective objects.
4. For Drinfeld double Ringel-Hall algebra
In this section, as in Section 3 we also assume that A is a hereditary abelian k-category which
is essentially small with finite-dimensional homomorphism and extension spaces. As usual we use
H(A) to denote the Ringel-Hall algebra of A over Q in Section 3. However, in this section, we
assume that H(A) is an associative algebra over C, i.e., H(A)⊗Q C.
Denote by K0(A) its Grothendieck group, 〈·, ·〉 its Euler form and (·, ·) the symmetrised Euler
form, i.e., (α, β) = 〈α, β〉〈β, α〉 for any α, β ∈ K0(A).
Definition 4.1 ([Rin3, Gr]). (1) The twisted Ringel-Hall algebra Htw(A) is the same vector space
as H(A) with the twisted multiplication
[A] ∗ [B] =
√
〈Â, B̂〉[A] ⋄ [B]
for any [A], [B] ∈ Iso(A).
(2) The twisted extended Ringel-Hall algebra Hetw(A) is defined as an extension of Htw(A) by
adjoining symbols kα for classes α ∈ K0(A), and imposing relations
kα ∗ kβ = kα+β , kα ∗ [B] =
√
(α, B̂)[B] ∗ kα
for α, β ∈ K0(A) and [B] ∈ Iso(A). Note that H
e
tw(A) has a basis consisting of the elements
kα ∗ [B] for α ∈ K0(A) and [B] ∈ Iso(A).
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In fact, there is an isomorphism of vector spaces given by the multiplication
C[K0(A)]⊗H(A)→H
e
tw(A).
We denote by H(A)⊗̂H(A) the space of all formal linear combinations∑
[A],[B]∈Iso(A)
cA,B [A]⊗ [B],
where ⊗̂ is called a complete tensor product. Similarly, we can define Hetw(A)⊗̂H
e
tw(A).
The coproduct, counit for Hetw(A) are given by Green [Gr], see also [X, Cr]:
∆ : Hetw(A)→H
e
tw(A)⊗̂H
e
tw(A), ǫ : H
e
tw(A)→ C,
∆([A] ∗ kα) =
∑
[B],[C]
√
〈B̂, Ĉ〉
|Ext1A(B,C)A|
|Hom(B,C)|
|Aut(A)|
|AutA(B)||AutA(C)|
([B] ∗ kĈ+α)⊗ [C] ∗ kα,(13)
∆(kα) = kα ⊗ kα,(14)
ǫ([A]kα) = δ[A],0,(15)
for [A] ∈ Iso(A) and α ∈ K0(A). Then (H
e
tw(A), ∗, [0],∆, ǫ) is a topological bialgebra defined over
C, see [Gr, X]. Here topological means that everything should be considered in the completed
space.
Remark 4.2. If A is moreover a finite length hereditary category (for instance, the category
of finite-dimensional nilpotent representations of a finite quiver) then (Hetw(A), ∗, [0],∆, ǫ) is a
true bialgebra over C. Moreover, by a work of Xiao [X], where the antipode is defined, and then
(Hetw(A) has a natural Hopf algebra structure.
The bilinear pairing ϕ : Hetw(A)×H
e
tw(A)→ C given by
(16) ϕ([M ] ∗ kα, [N ] ∗ kβ) =
√
(α, β)δ[M ],[N ]|Aut(M)|
is a Hopf pairing on Hetw(A) (see [Gr, Rin5]), that is, for any x, y, z ∈ H
e
tw(A), one has
ϕ(x ∗ y, z) = (x⊗ y,∆z).
Here we use the usual pairing on the product space: ϕ(a⊗ a′, b⊗ b′) = ϕ(a, b)ϕ(a′, b′). Moreover,
this pairing is non-degenerate on H(A) and symmetric.
For any hereditary abelian category A, there is a unique algebra structure on Hetw(A)⊗̂H
e
tw(A)
satifying the following conditions, which is called the Drinfeld double Ringel-Hall algebra of
Hetw(A), see [Dr, Jo, X], and also see [Gr, Cr, Sch1, BS1, BS2, DJX].
(D1) The maps
Hetw(A)→H
e
tw(A)⊗̂H
e
tw(A), a 7→ a⊗ 1
and
Hetw(A)→H
e
tw(A)⊗̂H
e
tw(A), a 7→ 1⊗ a
are injective homomorphisms of C-algebras. That is, for any a, a′, b, b′ ∈ Hetw(A),
(a⊗ 1)(a′ ⊗ 1) = aa′ ⊗ 1,
(1⊗ b)(1 ⊗ b′) = 1⊗ bb′.
(D2) For any a, b ∈ Hetw(A), one has
(a⊗ 1)(1 ⊗ b) = (a⊗ b).
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(D3) For any a, b ∈ Hetw(A), one has
(17)
∑
ϕ(a(2), b(1))a(1) ⊗ b(2) =
∑
ϕ(a(1), b(2))(1 ⊗ b(2))(a(2) ⊗ 1).
In particular, if A is a finite length hereditary abelian category, then the Drinfeld double
Ringel-Hall algebra of Hetw(A) is again a (topological) Hopf algebra.
In general case, the sum in (17) may be infinite, and so the Drinfeld double Ringel-Hall algebra
ofHetw(A) should be considered in the completed space. However, for a hereditary abelian category
A satisfying the so called finitary condition (which will be recalled in the following), Crame [Cr]
proved that Hetw(A)⊗H
e
tw(A) itself is an associative algebra satisfying the conditions (D1)-(D3),
which is also called the Drinfeld double Ringel-Hall algebra of Hetw(A).
Definition 4.3 ([Cr]). We say that an essentially small category A is finitary if Hom(A,B) and
Ext1(A,B) are finite sets for all A,B ∈ A, and if for some number k there is a homomorphism
d : K0(A)→ Zk such that
(1) d(K+0 (A)) ⊂ N
k ∪ (Nk−1 \ {0}) × Z,
(2) If d([A]) = 0, then A = 0.
Here K+0 (A) denotes the subset of K0(A) corresponding to classes of objects in A.
Note that this condition is satisfied by the category of finite-dimensional nilpotent representa-
tions of a quiver over Fq which may have oriented cycles, and by the category of coherent sheaves
on a smooth projective curve or a weighted projective line over Fq (see [Cr]). In particular, for
the category of coherent sheaves A on a smooth projective curve or a weighted projective line, d
can be chosen to be d([M ]) = (rank(M),deg(M)).
In the following, we do not distinguish the Drinfeld double Ringel-Hall algebras of Hetw(A) in
the completed space or not.
Let A be a hereditary abelian k-category. Similar to [Br, Gor], we also construct a twisted
version of the algebra MHZ/2(A). We define the componentwise Euler form on Iso(CZ/2(A)) by
〈·, ·〉cw : Iso(CZ/2(A))× Iso(CZ/2(A))→ Q
×, 〈[M ], [N ]〉cw =
√
〈M̂0, N̂0〉〈M̂1, N̂1〉,
where M = ( M0 // M1oo ) and N = ( N0 // N1oo ). This form descends to a bilinear form
〈·, ·〉cw : K0(CZ/2(A))×K0(CZ/2(A))→ Q
×.
The multiplication in the twisted modified Ringel-Hall algebra MHZ/2,tw(A) is given by
[M1] ∗ [M2] := 〈[M1], [M2]〉cw[M1] ⋄ [M2], ∀[M1], [M2] ∈ CZ/2(A).
On the Grothendieck group of acyclic complexes, the bilinear form 〈·, ·〉cw coincides with the
usual Euler form:
〈α, β〉cw = 〈α, β〉,∀α, β ∈ K0(CZ/2,ac(A))×K0(CZ/2,ac(A)).
In fact, Corollary 2.6 implies that this holds for α, β ∈ {[KX ], [K
∗
Y ]|X,Y ∈ A}, and the proof of
Proposition 3.6 implies that these classes generate the whole Grothendieck group K0(CZ/2,ac(A)).
For any α ∈ K0(A), it is easy to see that Kα = [KA] ∗ [KB ]
−1 and K∗α = [K
∗
A] ∗ [K
∗
B ]
−1, where
α = Â− B̂ for some A,B ∈ A.
Lemma 4.4. In the algebra MHZ/2,tw(A), we have
(i) √
(α, Â)[CA] ∗Kα = Kα ∗ [CA], [C
∗
A] ∗Kα =
√
(α, Â)Kα ∗ [C
∗
A],
[CA] ∗K
∗
α =
√
(Â, α)K∗α ∗ [CA],
√
(Â, α)[C∗A] ∗K
∗
α = K
∗
α ∗ [C
∗
A],
for arbitrary α ∈ K0(A) and A ∈ CZ/2(A).
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(ii)
[Kα,Kβ] = [Kα,K
∗
β ] = [K
∗
α,K
∗
β ] = 0
for arbitrary α, β ∈ K0(A).
Proof. From Lemma 3.4 and the definitions, we get that
[K] ∗ [M ] =
〈[K], [M ]〉cw〈[M ], [K]〉
〈[M ], [K]〉cw〈[K], [M ]〉
[M ] ∗ [K],
for any K ∈ CZ/2,ac(A), and M ∈ CZ/2,ac(A). Then the results follow immediately. 
In the following, we prove that the twisted modified Ringel-Hall algebra MHZ/2,tw(A) is iso-
morphic to the Drinfeld double Ringel-Hall algebra of Hetw(A) (considering both of them in the
completed space if necessary). First, we give some lemmas which are crucial to prove it.
Lemma 4.5. Assume that A is a hereditary abelian category. There is an embedding of algebras
Ie+ : H
e
tw(A) →֒ MHZ/2,tw(A)
defined by
[A] 7→ [CA], kα 7→ Kα,
where A ∈ A, α ∈ K0(A). By composing I
e
+ and the involution ∗, we also have an embedding
Ie− : H
e
tw(A) →֒ MHZ/2,tw(A)
defined by
[A] 7→ [C∗A], kα 7→ K
∗
α.
Proof. We only need to check that Ie+ and I
e
− are embedding maps, however, this follows from
Corollary 3.13 immediately. 
Lemma 4.6. MHZ/2,tw(A) has a basis consisting of elements
[CA] ∗ [C
∗
B] ∗Kα ∗K
∗
β, [A], [B] ∈ Iso(A), α, β ∈ K0(A).
Proof. Corollary 3.15 shows that MHZ/2,tw(A) has a basis consisting of elements
[CA ⊕ C
∗
B ] ∗Kα ∗K
∗
β , [A], [B] ∈ Iso(A), α, β ∈ K0(A).
The proof in the following is based on that of [Br, Lemma 4.7]. We define a partial order on
K0(A), namely,
α ≤ β ⇔ β − α ∈ K+0 (A),
where K+0 (A) ⊆ K0(A) is the positive cone of the Grothendieck group, consisting of classes of
objects of A. Denote by MHZ/2,tw,≤γ(A) the subspace of MHZ/2(A) spanned by elements from
this basis for which Â+ B̂ ≤ γ. Easily, we get that
MHZ/2,tw,≤α(A) ∗MZ/2,tw,≤β(A) ⊆MHZ/2,tw,≤α+β(A),
and then this defines a filtration on MHZ/2,tw(A).
Suppose now that N = CA and M = C
∗
B For any objects A,B ∈ A. Then
Ext1CZ/2(A)(N,M) = HomA(A,B),
i.e., for any extension M → X → N , there exists f : B → A such that X = A
0 // B
f
oo . Note
that the extension is trivial if and only if f = 0. Then X is quasi-isomorphic to Cker f ⊕ C
∗
coker f .
If f 6= 0, then X ∈ MHZ/2,tw,<Â+B̂(A), and if f = 0, then X ∈ MHZ/2,tw,Â+B̂(A). It follows
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that in the graded algebra associated to the filtered algebra MHZ/2,tw(A), we get that the term
of [CA] ∗ [C
∗
B ] ∗Kα ∗K
∗
β with the highest grade is [CA ⊕ C
∗
B] ∗Kα ∗K
∗
β . Since
[CA ⊕ C
∗
B] ∗Kα ∗K
∗
β, [A], [B] ∈ Iso(A), α, β ∈ K0(A)
is a basis, we get that
[CA] ∗ [C
∗
B ] ∗Kα ∗K
∗
β, [A], [B] ∈ Iso(A), α, β ∈ K0(A)
is also a basis. 
Remark 4.7. The above lemma can also be proved using the method to obtain the universal
PBW-basis for Ringel-Hall algebras in [GP, Theorem 3.1].
Lemma 4.8. (i) Let M = M0
f0 // M1
0
oo be in CZ/2(A). Then in MHZ/2,tw(A),
[M ] =
√
〈 ̂coker f0, Îm f0〉√
〈k̂er f0, Îm f0〉
[C∗ker f0 ⊕ Ccoker f0 ] ∗ [KIm f0 ].
(ii) Let N = N0
0 // N1
g1
oo be in CZ/2(A). Then in MHZ/2,tw(A),
[N ] =
√
〈 ̂coker g1, Îm g1〉√
〈k̂er g1, Îm g1〉
[Cker g1 ⊕ C
∗
coker g1 ] ∗ [K
∗
Im g1 ].
Proof. (i) From Proposition 3.6, we get that
[M ] = 〈Îm f0, k̂er f0〉KIm f0 ⋄ [C
∗
ker f0 ⊕Ccoker f0 ]
= 〈Îm f0, k̂er f0〉
〈[C∗ker f0 ⊕ Ccoker f0 ], [KIm f0 ]〉
〈[KIm f0 ], [C
∗
ker f0
⊕ Ccoker f0 ]〉
[C∗ker f0 ⊕ Ccoker f0 ] ⋄ [KIm f0 ]
= 〈 ̂coker f0, Îm f0〉[C∗ker f0 ⊕ Ccoker f0 ] ⋄ [KIm f0 ]
=
√
〈 ̂coker f0, Îm f0〉√
〈k̂er f0, Îm f0〉
[C∗ker f0 ⊕ Ccoker f0 ] ∗ [KIm f0 ].
(ii) is similar, we omit the proof here. 
For any U, V ∈ A, the group Aut(U)×Aut(V ) acts on HomA(U, V ) as follows: for any (s, t) ∈
Aut(U)×Aut(V ) and g ∈ HomA(U, V ), then (s, t)(g) := (tgs
−1).
We denote by O = {Og|Og is the orbit of g, g ∈ HomA(U, V )} the set of orbits corresponding
to this group action. Then we have the following lemma.
Lemma 4.9. Keep the notations as above. In MHZ/2,tw(A), we have
(i) for any A1, B2 ∈ A,
[CA1 ] ∗ [C
∗
B2 ] =
∑
Og∈O: g∈HomA(A1,B2)
|Og|
√
〈ĉoker g, Îm g〉√
〈k̂er g, Îm g〉
[Cker g ⊕ C
∗
coker g] ∗ [K
∗
Im g].
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(ii) for any B˜1, A˜2 ∈ A,
[C∗
B˜1
] ∗ [C
A˜2
] =
∑
Of∈O: f∈HomA(B˜1,A˜2)
|Of |
√
〈ĉoker f, Îm f〉√
〈k̂er f, Îm f〉
[C∗ker f ⊕ Ccoker f ] ∗ [KIm f ].
Proof. We only need to prove (i), and (ii) is similar. By definition, we get that
[CA1 ] ∗ [C
∗
B2 ] =
∑
[X]∈Iso(CZ/2(A))
|Ext1(CA1 , C
∗
B2
)X |
|Hom(CA1 , C
∗
B2
)|
[X].
It is easy to see that if |Ext1(CA1 , C
∗
B2
)X | 6= 0, then X must be isomorphic to B2
0 // A1
g
oo for
some g : A1 → B2.
We can assume that X = B2
0 // A1
g
oo . Set
S1 := {(a, b) ∈ Hom(C
∗
B2 ,X) ×Hom(X,CA1)|0→ C
∗
B2
a
−→ X
b
−→ CA1 → 0 is exact}.
Then it is easy to see that S1 can be identified with
S2 = {(s, t)|(s, t) ∈ Aut(A1)×Aut(B2)}.
There exists a natural surjective map S1 → Ext
1(CA1 , C
∗
B2
)X . Now Aut(X) acts on S1 by
ν(a, b) := (νa, bν−1) for ν ∈ Aut(X) and its stablizer under the map is isomorphic to Hom(C∗B2 , CA1)
which is zero. So |S1| = |Aut(X)||Ext
1(CA1 , C
∗
B2
)X |, and then
|Ext1(CA1 , C
∗
B2)X | =
|Aut(B2)||Aut(A1)|
|Aut(X)|
.
It is easy to see that Aut(X) = {(s, t) ∈ Aut(A1)×Aut(B2)|tg = gs}, so
|Ext1(CA1 , C
∗
B2)X | =
|Aut(B2)||Aut(A1)|
|{(s, t) ∈ Aut(A1)×Aut(B2)|tg = gs}|
= |Og|.
Note that there is a natural one to one correspondence between O = {Og|g ∈ HomA(A1, B2)} and
{[X] ∈ Iso(CZ/2(A))||Ext
1(CA1 , C
∗
B2
)X | 6= 0}. Lemma 4.8 (ii) yields the result immediately. 
For any [X], [Y ] ∈ Iso(A), δ, δ˜ ∈ K0(A), we set
U[X],[Y ],δ = {M = ( A
u // B
v
oo ) ∈ CZ/2(A)|H
0(M) ∼= X,H1(M) ∼= Y, Îm v = δ},
and
V
[X],[Y ],δ˜
= {M = ( A
u // B
v
oo ) ∈ CZ/2(A)|H
0(M) ∼= X,H1(M) ∼= Y, Îmu = δ˜}.
Lemma 4.10. For any [X], [Y ] ∈ Iso(A), δ, δ˜ ∈ K0(A), we have
(i)
|U[X],[Y ],δ| =
∑
[A1], [B2],
[A2], Â2 = δ
∑
Og : g ∈ HomA(A1, B2),
[ker g] = [X]
[coker g] = [Y ]
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Ext1(A2, B2)B |
|Hom(A2, B2)|
|Aut(A)||Aut(B)||Og|
|Aut(A2)||Aut(A1)||Aut(B2)|
.
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(ii)
|V
[X],[Y ],δ˜
| =
∑
[A˜2], [B˜1]
[A˜1],
̂˜
A1 = δ˜
∑
Of : f ∈ HomA(B˜1, A˜2),
[ker f ] = [Y ]
[coker f ] = [X]
|Ext1(A˜1, A˜2)A|
|Hom(A˜1, A˜2)|
|Ext1(B˜1, A˜1)B |
|Hom(B˜1, A˜1)|
|Aut(A)||Aut(B)||Of |
|Aut(A˜1)||Aut(A˜2)||Aut(B˜1)|
.
Proof. We only prove (i) since (ii) is similar.
It is easy to see that
U[X],[Y ],δ
=
⊔
[A1], [B2],
[A2], Â2 = δ
{M = ( A
u // B
v
oo ) ∈ U[X],[Y ],δ| coker v ∼= A1, ker v ∼= B2, Im v ∼= A2}
=
⊔
[A1], [B2],
[A2], Â2 = δ
{((a1, a2), (b1, b2), u) ∈
(Hom(A2, A)×Hom(A,A1))× (Hom(B2, B)×Hom(B,A2))×Hom(A,B)|
0→ A2
a1−→ A
a2−→ A1 → 0, 0→ B2
b1−→ B
b2−→ A2 → 0 are exact, ua1 = 0, b2u = 0}/H1,
where H1 = (Aut(A1)×Aut(A2)×Aut(B2)) and the group action of H1 is defined as follows: for
any (sA1 , sA2 , sB2) ∈ H1, and ((a1, a2), (b1, b2), u),
(sA1 , sA2 , sB2)((a1, a2), (b1, b2), u) = ((a1s
−1
A2
, sA1a2), (b1s
−1
B2
, sA2b2), u).
For any ((a1, a2), (b1, b2), u), since ua1 = 0, b2u = 0, there exists a unique g ∈ HomA(A1, B2) such
that u = b1ga2. It is easy to see that H
0(M) ∼= ker g and H1(M) ∼= coker g. Then
U[X],[Y ],δ
=
⊔
[A1], [B2],
[A2], Â2 = δ
⊔
Og : g ∈ Hom(A1, B2),
[ker g] = [X]
[coker g] = [Y ]
UOg/H1,
where H1 = (Aut(A1)×Aut(A2)×Aut(B2)) and
UOg := {((a1, a2), (b1, b2), g
′) ∈
(Hom(A2, A)×Hom(A,A1))× (Hom(B2, B)×Hom(B,A2))×Hom(A1, B2)|
0→ A2
a1−→ A
a2−→ A1 → 0, 0→ B2
b1−→ B
b2−→ A2 → 0 are exact, g
′ ∈ Og},
with the group action of H1 on UOg defined as follows: for any (sA1 , sA2 , sB2) ∈ H1, and
((a1, a2), (b1, b2), g
′) ∈ UOg ,
(sA1 , sA2 , sB2)((a1, a2), (b1, b2), g
′) = ((a1s
−1
A2
, sA1a2), (b1s
−1
B2
, sA2b2), sB2g
′s−1A1).
Furthermore,
UOg = {(a1, a2) ∈ (Hom(A2, A)×Hom(A,A1))|0→ A2
a1−→ A
a2−→ A1 → 0 is exact.}
×{(b1, b2) ∈ (Hom(B2, B)×Hom(B,A2))|0→ B2
b1−→ B
b2−→ A2 → 0 is exact.}
×Og.
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Thus
|UOg | =
|Ext1(A1, A2)A||Aut(A)|
|Hom(A1, A2)|
|Ext1(A2, B2)B ||Aut(B)|
|Hom(A2, B2)|
|Og|.
Obviously, the group action of H1 on UOg is free. So
|UOg/H1| =
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Ext1(A2, B2)B |
|Hom(A2, B2)|
|Aut(A)||Aut(B)||Og|
|Aut(A2)||Aut(A1)||Aut(B2)|
.
and then our desired result follows immediately. 
Now we can obtain our main result in this section.
Theorem 4.11. Assume that A is a hereditary abelian k-category. Then the twisted modified
Ringel-Hall algebra MHZ/2,tw(A) is isomorphic to the Drinfeld double Ringel-Hall algebra of
Hetw(A).
Proof. We know that the Drinfeld double of the twisted extended Ringel-Hall algebra Hetw(A) is
isomorphic to Hetw(A) ⊗C H
e
tw(A), Lemma 4.6 and Corollary 3.13 yield that the multiplication
map m : a⊗ b 7→ Ie+(a) ∗ I
e
−(b) defines an isomorphism of vector spaces
m : Hetw(A)⊗C H
e
tw(A)
∼
−→MHZ/2,tw(A).
The proof is reduced to check the equation (17) for the elements consisting of the basis of
Hetw(A). Let us write it in the present situation:
(18)
∑
ϕ(a(2), b(2))I
e
+(a(1)) ∗ I
e
−(b(1)) =
∑
ϕ(a(1), b(1))I
e
−(b(2)) ∗ I
e
+(a(2)).
Recall that the skew-Hopf pairing is ϕ([M ] ∗ kα, [N ] ∗ kβ) =
√
(α, β)|Aut(M)|δ[M ],[N ] for any
[M ], [N ] ∈ Iso(A), α, β ∈ K0(A).
First, we prove it for the case: (a, b) = ([A], [B]).
Since
∆([A]) =
∑
[A1],[A2]
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|
([A1] ∗ kÂ2)⊗ [A2],
and
∆([B]) =
∑
[B1],[B2]
√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
([B1] ∗ kB̂2)⊗ [B2],
the equation (18) in this case becomes∑
[A1],[A2],[B1],[B2]
ϕ([A2], [B1] ∗ kB̂2)
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|
(19)
√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
[CA1 ] ∗ [KA2 ] ∗ [C
∗
B2 ]
=
∑
[A1],[A2],[B1],[B2]
ϕ([A1] ∗ kÂ2 , [B2])
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
[C∗B1 ] ∗ [K
∗
B2 ] ∗ [CA2 ].
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The left hand side of the equation (19) is as follows:
LHS of the equation (19)
=
∑
[A1],[A2],[B2]
|Aut(A2)|
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈Â2, B̂2〉
|Ext1(A2, B2)B |
|Hom(A2, B2)|
|Aut(B)|
|Aut(A2)||Aut(B2)|
[CA1 ] ∗ [KA2 ] ∗ [C
∗
B2 ]
=
∑
[A1],[A2],[B2]
|Aut(A2)|
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈Â2, B̂2〉
|Ext1(A2, B2)B |
|Hom(A2, B2)|
|Aut(B)|
|Aut(A2)||Aut(B2)|
1√
(Â2, B̂2)
[CA1 ] ∗ [C
∗
B2 ] ∗ [KA2 ]
=
∑
[A1], [A2], [B2]
Og : g ∈ HomA(A1, B2)
|Aut(A2)|
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|
√
〈Â2, B̂2〉
|Ext1(A2, B2)B |
|Hom(A2, B2)|
|Aut(B)|
|Aut(A2)||Aut(B2)|
1√
(Â2, B̂2)
√
〈ĉoker g, Îm g〉√
〈k̂er g, Îm g〉
|Og|[Cker g ⊕ C
∗
coker g] ∗ [K
∗
Im g] ∗ [KA2 ]
=
∑
δ ∈ K0(A),
[X], [Y ]

∑
[A1], [B2],
[A2], Â2 = δ
∑
Og : g ∈ HomA(A1, B2),
[ker g] = [X]
[coker g] = [Y ]
|Aut(A2)|
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|
√
〈Â2, B̂2〉
|Ext1(A2, B2)B |
|Hom(A2, B2)|
|Aut(B)|
|Aut(A2)||Aut(B2)|
|Og|√
(Â2, B̂2)√
〈Ŷ , Â− δ − X̂〉√
〈X̂, Â− δ − X̂〉
 [CX ⊕ C∗Y ] ∗K∗Â−δ−X̂ ∗Kδ.
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The last equality follows from Îm g = Â1 − k̂er g = Â− Â2 − k̂er g if the coefficients are not zero.
Furthermore, if the coefficient is not zero, then
√
〈Â1, Â2〉
√
〈Â2, B̂2〉
1√
(Â2, B̂2)
√
〈Ŷ , Â− δ − X̂〉√
〈X̂, Â− δ − X̂〉
=
√√√√〈Â1, Â2〉
〈B̂2, Â2〉
√
〈Ŷ , Â− δ − X̂〉√
〈X̂, Â− δ − X̂〉
=
√√√√ 〈k̂er g + Îm g,̂ A2〉
〈ĉoker g + Îm g, Â2〉
√
〈Ŷ , Â− δ − X̂〉√
〈X̂, Â− δ − X̂〉
=
√
〈X̂, δ〉
〈Ŷ , δ〉
√
〈Ŷ , Â− δ − X̂〉√
〈X̂, Â− δ − X̂〉
.
Together with Lemma 4.10 (i), we get that the left hand side of (19) is equal to
∑
δ ∈ K0(A),
[X], [Y ]

∑
[A1], [B2],
[A2], Â2 = δ
∑
Og : g ∈ HomA(A1, B2),
[ker g] = [X]
[coker g] = [Y ]
√
〈X̂, δ〉
〈Ŷ , δ〉
√
〈Ŷ , Â− δ − X̂〉√
〈X̂, Â− δ − X̂〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Ext1(A2, B2)B |
|Hom(A2, B2)|
|Aut(B)||Aut(A)||Og |
|Aut(A2)||Aut(A1)||Aut(B2)|
)
[CX ⊕ C
∗
Y ] ∗K
∗
Â−δ−X̂
∗Kδ.
=
∑
δ ∈ K0(A),
[X], [Y ]
√〈X̂, δ〉
〈Ŷ , δ〉
√
〈Ŷ , Â− δ − X̂〉√
〈X̂, Â− δ − X̂〉
|U[X],[Y ],δ|
 [CX ⊕ C∗Y ] ∗K∗Â−δ−X̂ ∗Kδ.
Similarly, the right hand side of the equation (19) is as follows:
RHS of the equation (19)
=
∑
[A˜1],[A˜2],[B˜1]
|Aut(A˜1)|
√
〈
̂˜
A1,
̂˜
A2〉
|Ext1(A˜1, A˜2)A|
|Hom(A˜1, A˜2)|
|Aut(A)|
|Aut(A˜1)||Aut(A˜2)|√
〈
̂˜
B1,
̂˜
A1〉
|Ext1(B˜1, A˜1)B |
|Hom(B˜1, A˜1)|
|Aut(B)|
|Aut(B˜1)||Aut(A˜1)|
[C∗
B˜1
] ∗ [K∗
A˜1
] ∗ [CA˜2 ]
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=
∑
[A˜1], [A˜2], [B˜1]
Of : f ∈ HomA(B˜1, A˜2)
|Aut(A˜1)|
√
〈
̂˜
A1,
̂˜
A2〉
|Ext1(A˜1, A˜2)A|
|Hom(A˜1, A˜2)|
|Aut(A)|
|Aut(A˜1)||Aut(A˜2)|
√
〈
̂˜
B1,
̂˜
A1〉
|Ext1(B˜1, A˜1)B |
|Hom(B˜1, A˜1)|
|Aut(B)|
|Aut(B˜1)||Aut(A˜1)|
|Of |√
(
̂˜
A1,
̂˜
A2)
√
〈ĉoker f , Îm f〉√
〈k̂er f , Îm f〉
[C∗ker f ⊕ Ccoker f ] ∗ [KIm f ] ∗ [K
∗
A˜1
]
=
∑
δ˜ ∈ K0(A),
[X], [Y ]

∑
[A˜2], [B˜1]
[A˜1],
̂˜
A1 = δ˜
∑
Of : f ∈ HomA(B˜1, A˜2),
[ker f ] = [Y ]
[coker f ] = [X]
|Aut(A˜1)|
√
〈
̂˜
A1,
̂˜
A2〉
|Ext1(A˜1, A˜2)A|
|Hom(A˜1, A˜2)|
|Aut(A)|
|Aut(A˜1)||Aut(A˜2)|
√
〈
̂˜
B1,
̂˜
A1〉
|Ext1(B˜1, A˜1)B |
|Hom(B˜1, A˜1)|
|Aut(B)|
|Aut(B˜1)||Aut(A˜1)|
|Of |√
(
̂˜
A1,
̂˜
A2)√
〈X̂, Â− δ˜ − X̂〉√
〈Ŷ , Â− δ˜ − X̂〉
 [C∗Y ⊕ CX ] ∗KÂ−δ˜−X̂ ∗K∗δ˜
=
∑
δ˜ ∈ K0(A),
[X], [Y ]

∑
[A˜2], [B˜1]
[A˜1],
̂˜
A1 = δ˜
∑
Of : f ∈ HomA(B˜1, A˜2),
[ker f ] = [Y ]
[coker f ] = [X]
√
〈Ŷ , δ˜〉
〈X̂, δ˜〉
√
〈X̂, Â− δ˜ − X̂〉
〈Ŷ , Â− δ˜ − X̂〉
|Ext1(A˜1, A˜2)A|
|Hom(A˜1, A˜2)|
|Ext1(B˜1, A˜1)B |
|Hom(B˜1, A˜1)|
|Aut(A)||Aut(B)||Of |
|Aut(A˜1)||Aut(A˜2)||Aut(B˜1)|
)
[C∗Y ⊕ CX ] ∗KÂ−δ˜−X̂ ∗K
∗
δ˜
=
∑
δ˜ ∈ K0(A),
[X], [Y ]
(√
〈Ŷ , δ˜〉
〈X̂, δ˜
√
〈X̂, Â− δ˜ − X̂〉
〈Ŷ , Â− δ˜ − X̂〉
|V
[X],[Y ],δ˜
|
)
[C∗Y ⊕ CX ] ∗KÂ−δ˜−X̂ ∗K
∗
δ˜
.
By the definitions, it is not hard to see that for any [X], [Y ] ∈ Iso(A), δ, δ˜ ∈ K0(A), if δ + δ˜ =
Â− X̂ in K0(A), then U[X],[Y ],δ = V[X],[Y ],δ˜. Therefore,
LHS of the equation (19) = RHS of the equation (19),
and then the equation (19) is valid.
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Second, we prove that the equality (18) holds for the general case (a, b) = ([A] ∗ kα, [B] ∗ kβ).
Recall that
∆([A] ∗ kα) =
∑
[A1],[A2]
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|
([A1] ∗ kÂ2+α)⊗ [A2] ∗ kα,
and
∆([B] ∗ kβ) =
∑
[B1],[B2]
√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
([B1] ∗ kB̂2+β)⊗ [B2] ∗ kβ.
Then in this case, the left hand side of the equation (18) is equal to∑
[A1],[A2],[B1],[B2]
ϕ([A2] ∗ kα, [B1] ∗ kB̂2+β)
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
[CA1 ] ∗KÂ2+α ∗ [C
∗
B2 ] ∗K
∗
β
=
∑
[A1],[A2],[B1],[B2]
ϕ([A2], [B1] ∗ kB̂2)
√
(α, B̂2 + β)
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
1√
(α, B̂2)
[CA1 ] ∗ [KA2 ] ∗ [C
∗
B2 ] ∗Kα ∗K
∗
β
=
∑
[A1],[A2],[B1],[B2]
ϕ([A2], [B1] ∗ kB̂2)
√
(α, β)
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
[CA1 ] ∗ [KA2 ] ∗ [C
∗
B2 ] ∗Kα ∗K
∗
β.
From the equality (19) proved above, we get that
LHS of the equation (18)
=
∑
[A1],[A2],[B1],[B2]
ϕ([A1] ∗ kÂ2 , [B2])
√
(α, β)
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
[C∗B1 ] ∗ [K
∗
B2 ] ∗ [CA2 ] ∗Kα ∗K
∗
β
=
∑
[A1],[A2],[B1],[B2]
ϕ([A1] ∗ kÂ2 , [B2] ∗ kβ)
√
〈Â1, Â2〉√
(Â2, β)
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
√
(Â2, β)[C
∗
B1 ] ∗ [K
∗
B2 ] ∗K
∗
β ∗ [CA2 ] ∗Kα
=
∑
[A1],[A2],[B1],[B2]
ϕ([A1] ∗ kÂ2 , [B2] ∗ kβ)
√
〈Â1, Â2〉
|Ext1(A1, A2)A|
|Hom(A1, A2)|
|Aut(A)|
|Aut(A1)||Aut(A2)|√
〈B̂1, B̂2〉
|Ext1(B1, B2)B |
|Hom(B1, B2)|
|Aut(B)|
|Aut(B1)||Aut(B2)|
[C∗B1 ] ∗K
∗
B̂2+β
∗ [CA2 ] ∗Kα
= RHS of the equation (18).
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The proof is complete. 
The following corollary follows from Theorem 4.11 immediately.
Corollary 4.12. Assume that A is the category of finite-dimensional nilpotent representations of
a quiver Q which may have oriented cycles, or coherent sheaves on a smooth projective curve or
a weighted projective line over k. Then the twisted modified Ringel-Hall algebra MHZ/2,tw(A) is
isomorphic to the Drinfeld double Ringel-Hall algebra of Hetw(A).
Remark 4.13. The above corollary holds without considering in the completed space, since A is
a finitary hereditary abelian category.
Corollary 4.14 ([Y]). Assume that A is a hereditary abelian k-category with enough projective
objects. Then the Bridgeland’s Ringel-Hall algebra DH(A) is isomorphic to the Drinfeld double
Ringel-Hall algebra of Hetw(A).
Proof. When A is a hereditary abelian k-category with enough projective objects, [Gor, Corollary
9.21] yields that the twisted semi-derived Hall algebra SDHZ/2,tw(A) defined there is isomorphic
to MHZ/2,tw(A). Furthermore, [Gor, Proposition 9.23] shows that the twisted semi-derived Hall
algebra SDHZ/2,tw(A) is isomorphic to the Bridgeland’s Ringel-Hall algebra DH(A). Therefore,
from Theorem 4.11, we also get that DH(A) is also isomorphic to the Drinfeld double Ringel-Hall
algebra of Hetw(A). 
As in [Br, Gor], We define the reduced version of theMHZ/2,tw(A) by setting [K] = 1 whenever
K is an acyclic complex, invariant under the shift functor:
MHZ/2,tw,red(A) :=MHZ/2,tw(A)/([K]− 1 : K ∈ CZ/2,ac(A),K ∼= K
∗).
Furthermore, as also in [Gor], this is the same as setting Kα ∗K
∗
α = 1,∀α ∈ K0(A).
Definition 4.15 (see e.g. [X, Jo, Cr, BS1, BS2]). Let A be a hereditary abelian k-category.
The reduced Drinfeld double Ringel-Hall algebra (also called the double Hall algebra) DH(A) is
the quotient of the Drinfeld double Ringel-Hall algebra of Hetw(A) by the ideal generated by the
elements kα ⊗ 1− 1⊗ k
−1
α .
Then we get the following corollary.
Corollary 4.16. Assume that A is a hereditary abelian k-category. Then MHZ/2,tw,red(A) is
isomorphic to the reduced Drinfeld double Ringel-Hall algebra DH(A).
Proof. It follows from the definitions and Theorem 4.11 immediately . 
For a quiver with at least one oriented cycle, the category A of its finite-dimensional nilpotent
representations over k does not have enough projective objects. However, its modified Ringel-
Hall algebra or equivalently its Drinfeld double Ringel-Hall algebra is still interesting, see e.g.
[Sch1, DDF]. In the following, we give a very special example.
Example 4.17. Let ∆(1) be the Jordan quiver which has only one vertex 1 and one arrow α : 1→
1. Define A to the category of finite-dimensional nilpotent representations of ∆(1). Then A does
not have any projective object and even not have any tilting object. Its twisted Ringel-Hall algebra
Htw(A) is isomorphic to the ring of symmetric functions [Mac]. By Theorem 4.11, we get that
MHZ/2,tw(A) is isomorphic to the Drinfeld double Ringel-Hall algebra of H
e
tw(A). In particular,
one can prove that MHZ/2,tw,red(A) is a kind of q-deformations of the Heisenberg algebra H∞,
where H∞ is the Lie algebra which has a basis pi, qi (i = 1, 2, 3, . . . ) and c, and the vector c is
central, while [pi, qj] = δijc for any i, j ≥ 1.
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5. For hereditary categories with tilting objects
Let A be a Krull-Schmidt k-linear abelian category. Let (T ,F) be a pair of full subcategories in
A. Following [Di] we say that (T ,F) is a torsion pair in A if the following conditions are satisfied:
(i) Hom(T, F ) = 0 for all T ∈ T and F ∈ F .
(ii) For any X ∈ A there exists a short exact sequence
0→ TX → X → FX → 0
such that TX ∈ T and FX ∈ F .
For a torsion pair (T ,F) the following conditions are always satisfied:
(iii) If X ∈ A and Hom(T,X) = 0 for all T ∈ T , then X ∈ F .
(iv) If X ∈ A and Hom(X,F ) = 0 for all F ∈ F , then X ∈ T .
If (T ,F) is a torsion pair, then T is called the torsion class, and F is called the torsion free
class. T ∈ T is called a torsion object while F ∈ F is called a torsion free object. Clearly T and
F are closed under extensions, T is closed under factor objects and F is closed under subobjects.
From [HRS], a torsion class T is a tilting torsion class if T is a cogenerator for A (i.e. for any
X ∈ A there is TX ∈ T and a monomorphism µX : X → TX).
For an object A ∈ A, we denote by addA the full subcategory of A of direct summands of finite
direct sums of copies of A and by FacA the full subcategory of A of epimorphic images of objects
in addA.
Definition 5.1 ([HRS]). Let T ∈ A. Then T is called a tilting object if there exists a torsion
pair (T ,F) satisfying the following conditions:
(i) T is a tilting torsion class.
(ii) T = FacT .
(iii) ExtiA(T,X) = 0 for X ∈ T and i > 0, so T is Ext-projective in T .
(iv) If Z ∈ T satisfies ExtiA(Z,X) = 0 for all X ∈ T and i > 0, then Z ∈ addT .
(v) If ExtiA(T,X) = 0 for i ≥ 0 and X ∈ A, then X = 0.
This concept was introduced in [HRS] to obtain a common treatment of both the class of tilted
algebras [HR] and the class of canonical algebras [Rin1, Rin4, GL].
Lemma 5.2 ([HRS]). Let A be an abelian k-category and (T ,F) a torsion pair.
(i) If T is given by a tilting object T , then ExtiA(T,−) = 0 for i ≥ 2.
(ii) If T is given by a tilting object T and X ∈ A satisfies ExtiA(T,X) = 0 for all i > 0, then
X ∈ T .
(iii) Let T be a tilting object in A. Then Db(A) and Db(Λ) are derived equivalent where Λ =
End(T )op.
For the case of hereditary abelian k-category with a tilting object, Happel gave the following
characterization.
Theorem 5.3 ([Ha]). Let H be a connected hereditary abelian k-category with tilting object. Then
H is derived equivalent to modH for some finite-dimensional hereditary k-algebra H or derived
equivalent to coh(X) for some weighted projective line X.
Recall that a weighted projective line X = (P1,D,p) is specified by a collection of distinct points
D = (λ1, . . . , λn) in the projective line P1 over a field k, and a weight sequence p = (p1, . . . , pn).
Geigle and Lenzing [GL] have associated to each weighted projective line X a category cohX of
coherent sheaves, which is the quotient category of the category of finitely generated L(p)-graded
S(p,D)-modules, modulo the Serre subcategory of finite length modules. Here L(p) is the rank
one additive group
L(p) := 〈~x1, . . . , ~xn,~c|p1~x1 = · · · = pn~xn = ~c〉,
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and
S(p,D) = k[u, v, x1, . . . , xn]/(x
pi
i + λi1u− λi0v),
with grading deg u = deg v = ~c and deg xi = ~xi, where λi = [λi0 : λi1] ∈ P1. Geigle and Lenzing
showed that coh(X) is a hereditary abelian category with a tilting object, whose endomorphism
algebra is isomorphic to the canonical algebra introduced by Ringel in [Rin1], the free module gives
a structure sheaf O, and shifting the grading gives twists E(~x) for any sheaf E and ~x ∈ L(p),
also, every sheaf is the direct sum of a torsion-free sheaf, with a filtration by sheaves of the form
O(~x), and a finite-length torsion sheaf.
Before going on, we give some definitions in [AS]. For any Krull-Schmidt k-linear category B
(not necessarily hereditary) with finite-dimensional homomorphism spaces, let X be a subcategory
of B. For any C ∈ B, a morphism f : X → C is said to be a right X -approximation of C
if HomB(X ,X)
Hom(X ,f)
−−−−−−→ HomB(X , C) → 0 is exact, i.e., HomB(X
′,X) → HomB(X
′, C) → 0
is exact for all X ′ ∈ X . A right X -approximation h : X → C is said to be a minimal right X -
approximation of C if h is a right minimal morphism. Easily, two minimal right X -approximations
fi : Xi → C, i = 1, 2 are isomorphic in the sense that there is an isomorphism g : X1 → X2 such
that h1 = h2g, and an object C ∈ B has a minimal right X -approximation if it has a right X -
approximation. The subcategory X is said to be contravariantly finite in B if every C in B has a
right X -approximation. Therefore C has a right X -approximation if and only if HomB(−, C)|X is
a finitely generated contravariant functor from X to abelian groups.
Again we will use freely the notions of left X -approximations, minimal left X -approximations,
and X being covariantly finite in B, which are the obvious duals of the notions given above. We
say that X is functorially finite if it is both covariantly finite and contravariantly finite. It is easy
to see that addT is functorially finite for any object T ∈ B.
Lemma 5.4 (Wakamatsu’s Lemma). Let X be a subcategory of B which is closed under extensions.
Let C be in B.
(i) If 0 → Y → X
f
−→ C is exact with f a right minimal X -approximation of C, then
Ext1B(X , Y ) = 0.
(ii) If 0 → C
g
−→ X → Z → 0 is exact with g a left minimal X -approximation of C, then
Ext1B(Z,X ) = 0.
We turn to consider the tilting objects now. Let T be a tilting object in A. Let (T (T ),F(T ))
(or (T ,F) for simplicity) be the torsion pair induced by T .
Proposition 5.5. Let T be a tilting object in a hereditary abelian k-category A and (T ,F) be the
induced torsion pair. Then
(i) for any M ∈ T , there exists an exact sequence
0→ T 1 → T 0 →M → 0,
with T0, T1 ∈ addT .
(ii) T is a covariantly finite subcategory of A, and for any C ∈ A, there is an exact sequence
0→ C
g
−→ X → Y → 0 with g a minimal right T -approximation of C and Y in addT .
Proof. (i) Since addT is a functorially finite subcategory and T = Fac(T ), we get that there is an
epimorphism T 0
f
−→M with T 0 ∈ addT and f a right minimal addT -approximation of M . Then
we get a short exact sequence
0→ ker f → T 0
f
−→M → 0.
From Wakamatsu’s Lemma, we get that Ext1(T, ker f) = 0, so ker f ∈ T by A is hereditary and
Lemma 5.2 (ii). For any X ∈ T , we get a long exact sequence
· · · → 0 = Ext1(T 0,X)→ Ext1(ker f,X)→ Ext2(M,X) = 0→ · · · ,
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so Ext1(ker f,X) = 0, this implies Exti(ker f,T ) = 0 for any i > 0 since A is hereditary. Definition
5.1 yields ker f ∈ addT .
(ii) By the definition of tilting object, we get that T is a cogenerator for A, so for any C ∈ A,
there exists a monomorphism a : C → XC with XC ∈ T , which is completed to a short exact
sequence
0→ C
a
−→ XC
b
−→ YC → 0.
Since T is closed under quotients, it is easy to see that YC ∈ T . From (i), for YC , there exists a
short exact sequence
0→ T 1 → T 0 → YC → 0,
where T 0, T 1 ∈ addT . So we get the following pullback diagram:
T 1

T 1

C
f // X //

T 0

C // XC // YC .
It follows from the short exact sequence in the second column that X ∈ T since T 1,XC ∈ T and
T is closed under extensions. So we get a short exact sequence 0 → C
f
−→ X → T 0 → 0 with
X ∈ T , T 0 ∈ addT . It is easy to see that f is a left T -approximation of C since Ext1(T 0,T ) = 0.
So T is a covariantly finite subcategory of A.
For the last statement, let C
g
−→ X be a minimal right T -approximation. Then g is injective.
So it is completed to a short exact sequence 0 → C
g
−→ X → Y → 0. In particular, Y ∈ T . Then
Wakamatsu’s Lemma yields Ext1(Y,T ) = 0, and so Y ∈ addT by Definition 5.1 (iv). 
Proposition 5.6. Let T be a tilting object in a hereditary abelian k-category A and (T ,F) be the
induced torsion pair. Then for each A ∈ Cb(A), there exists a short exact sequence of complexes
0→ A
qis
−−→ X → Y → 0,
with the first morphism a quasi-isomorphism, and X ∈ Cb(T ), Y ∈ Cb(addT ).
Proof. The proof is similar to [Ke, Lemma 4.1]. By the hypothesis, Proposition 5.5 (ii) shows that
for any C ∈ A, there exist XC ∈ T , Y C ∈ addT such that 0 → C → XC → Y C → 0 is exact.
Without loss of generality, we can assume that A is of the form
A : · · · → 0→ A0
d0
−→ A1
d1
−→ · · · → An → 0→ · · · , Ap ∈ A.
We construct the coresolution step by step. For A0, take 0 → A0
l0
−→ X0
pi0
−→ Y 0 with X0 ∈ T ,
Y 0 ∈ addT . Then take the pushout of the morphism A0
d0
−→ A1 and A0
l0
−→ X0. We get the
following left diagram:
A0
d0 //
l0

A1
d1 //
s1

A2 A1
s1

A1
l1=t1s1

X0 //
pi0

i0 // Z1
j1
==
p1

t1
!!❈
❈
❈
❈
❈
❈
❈
❈
Z1
t1 //
p1

X1 //
pi1

T 1
Y 0 Y 0 X1 Y 0 // Y 1 // T 1
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where Z1
t1
−→ X1 satisfies 0 → Z1
t1
−→ X1 → T 1 → 0 such that X1 ∈ T , T 1 ∈ addT . Since
d1d0 = 0, there exists a unique morphism j1 : Z1 → A2 such that j1s1 = d1 and j1i0 = 0. Then
we get the above right pushout diagram. So 0→ A1
l1
−→ X1
pi1
−→ Y 1 → 0 is a short exacts sequence.
Note that Y 1 ∼= Y 0 ⊕ T 1 ∈ addT since Ext1A(T
1, Y 0) = 0 by the definition of tilting object. In
this way, we get the following commutative diagram
A0
d0 //
l0

A1
d1 //
l1

A2
X0
t1i0 //
pi0

X1
pi1

Y 0 // Y 1.
For A2, we take the pushout of the morphism Z1
j1
−→ A2 and Z1
t1
−→ X1, and get the following
left commutative diagram:
Z1
j1 //
t1

A2
s2

d2 // A3 A2
s2

A2
l2=t2s2

X1
i1 //

Z2
p2

j2
>>
Z2
t2 //
p2

X2 //

T 2
T 1 T 1 T 1 // Y 2 // T 2.
Since 0 = d2d1 = d2j1s1 and s1 is injective, we get d2j1 = 0, and then by the property of the
pushout, there exists a unique morphism j2 : Z2 → A3 such that j2s2 = d2 and j2i1 = 0. For
Z2, there exists a short exact sequence 0 → Z2
t2
−→ X2 → T 2 → 0 with X2 ∈ T and T 2 ∈ addT .
Then we get the above right pushout diagram. From the short exact sequence T 1 → Y 2 → T 2,
we get Y 2 ∼= T 1 ⊕ T 2 ∈ addT .
In the same manner, we construct X3, . . . ,Xn−1,Xn ∈ T and Y 3, . . . , Y n−1, Y n ∈ addT . Then
we have Zn
tn
−→ Xn → T n, jn = 0 : Zn → 0, so we only need set Xn+1 = T n, and Y n+1 = T n.
In this way, we get two complexes
X = · · · → 0→ X0 → · · · → Xn → Xn+1 → 0→ · · ·
and
Y = · · · → 0→ Y 0 → · · · → Y n → Y n+1 → 0→ · · · ,
such that there is a short exact sequence of complexes: 0→ A→ X → Y → 0.
It is not hard to verify that A→ X is a quasi-isomorphism, and Y is acyclic. 
Lemma 5.7. Let T be a tilting object in a hereditary abelian k-category A and (T ,F) be the
induced torsion pair. Then for each X ∈ Cb(T ), there exists a short exact sequence of complexes
0→ Z → Y
qis
−−→ X → 0,
with the second morphism a quasi-isomorphism, and Y,Z ∈ Cb(addT ).
Proof. Since T is Ext-projective in T , by Proposition 5.5, the proof is completely same to [Ke,
Lemma 4.1]. Only need note that T is closed under taking extensions and addT ⊂ T . 
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Theorem 5.8. Let T be a tilting object in a hereditary abelian k-category A and (T ,F) be the
induced torsion pair. Then
(i) for each M ∈ CZ/2(A), there exists a short exact sequence of complexes
0→M
f1
−→ X
f2
−→ T2 → 0,
with f1 a quasi-isomorphism, and X ∈ CZ/2(T ), T2 ∈ CZ/2(addT ).
(ii) for each N ∈ CZ/2(T ), there exists a short exact sequence of complexes
0→ T1
g1
−→ T0
g2
−→ X → 0,
with g2 a quasi-isomorphism, and T0, T1 ∈ CZ/2(addT ).
Proof. (i) For each M = M0
f0 // M1
f1
oo ∈ CZ/2(A), from Lemma 2.1, we know that there exists
U ∈ Cb(A) such that there is a short exact sequence
0→ Kker f0 → π(U)→M → 0.
From Proposition 5.6, we know there exist W ∈ Cb(T ) and Y ∈ Cb(addT ) such that there is an
exact sequence
0→ U
qis
−−→W → Y → 0.
Then we get the following pushout diagram
Kker f0 // π(U) //

M

Kker f0 // π(W ) //

X

(∗)
π(Y ) π(Y )
From the exact sequence in the second row, we know that X ∈ CZ/2(T ) since T is closed under
quotients. So the exact sequence
0→M → X → π(Y )→ 0
is our desired short exact sequence.
(ii) For each N = N0
g0 // N1
g1
oo ∈ CZ/2(T ), from Lemma 2.1, we know that there exists
V ∈ Cb(A) such that there is a short exact sequence
0→ N → π(V )→ AN → 0,
with AN acyclic. By Proposition 5.6, we can assume that V ∈ C
b(T ) and there is a short exact
sequence
0→ N → π(V )→ AN → 0
with AN acyclic. Then it is easy to see that AN ∈ CZ/2(T ) since T is closed under quotients.
From Lemma 5.7, there exists a short exact sequence
0→ Y → X
qis
−−→ V → 0
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with X,Y ∈ Cb(addT ). So we get the following pull-back diagram
π(Y )

π(Y )

Z //

π(X)

// AN (∗∗)
N // π(V ) // AN
Considering the components of the complexes, from the short exact sequence in the first column,
we get that Z ∈ CZ/2(T ) since T is closed under extensions. Applying HomA(−,T ) to the
short exact sequences induced by the short exact sequence in the second row by considering the
components, we get that Z ∈ CZ/2(addT ). So 0→ π(Y )→ Z → N → 0 is our desired short exact
sequence. 
For any M ∈ CZ/2(A), the two short exact sequences in Theorem 5.8 (i) and (ii) as a whole is
called a T -resolution of M .
Definition 5.9 ([Gor]). For any exact category ε, we denote by ε˜ the closure with respect to
extensions and quasi-isomorphism classes of the full subcategory of all stalk complexes inside
CZ/2(ε).
For any hereditary abelian k-category A, A˜ = CZ/2(A) by [Gor, Proposition 9.7]. Let T be a
tilting object of A and (T ,F) be its induced torsion pair. We can define T˜ to be the closure with
respect to extensions and quasi-isomorphism classes in the full subcategory of all stalk complexes
inside CZ/2(T ). Similar to [Gor, Lemma 9.3], we know that π(C
b(T )) is contained in T˜ .
Lemma 5.10. For any hereditary abelian k-category A, let T be a tilting object of A and (T ,F)
be its induced torsion pair. Then T˜ = CZ/2(T ), and a˜ddT = CZ/2(addT ).
Proof. In Theorem 5.8 (i), for any M ∈ CZ/2(A), by diagram (∗) in the proof of Theorem 5.8, it
is easy to see that X ∈ T˜ , and π(Y ) ∈ a˜ddT . In particular, if M ∈ CZ/2(T ), we know that M is
quasi-isomorphic to X ∈ T˜ , so M ∈ T˜ .
Similarly, in Theorem 5.8 (ii), for any N ∈ CZ/2(T ), by diagram (∗∗) in the proof of Theorem
5.8, it is easy to see that Z ∈ a˜ddT , and π(Y ) ∈ a˜ddT . In particular, if N ∈ CZ/2(addT ), we
know that N is quasi-isomorphic to Z ∈ a˜ddT , so N ∈ a˜ddT . 
We denote by DZ/2(A) the Z/2-graded derived category, i.e. the localization of the homotopy
category KZ/2(A) with respect to all quasi-isomorphisms.
Theorem 5.11 ([Gor]). For any hereditary abelian k-category A, let T be a tilting object of A
and (T ,F) be its induced torsion pair. Then for any P ∈ CZ/2(addT ), M ∈ CZ/2(T ), we have
ExtpCZ/2(A)
(P,M) = ExtpDZ/2(A)
(P,M), for any p > 0.
Proof. Note that addT is Ext-projective in T and then T is an exact category with enough
projectives. Thanks to Lemma 5.10, the statement follows from [Gor, Lemma 9.4] immediately. 
Corollary 5.12. Let T be a tilting object in a hereditary abelian k-category A and (T ,F) be
the induced torsion pair. Then CZ/2(T ) is a contravariantly finite subcategory of CZ/2(A) and
CZ/2(addT ) is a covariantly finite subcategory of CZ/2(T ).
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Furthermore, for any M ∈ CZ/2(A), if f1 : M → Z is a minimal right CZ/2(T )-approximation,
then f1 is injective, and coker(f1) ∈ CZ/2,ac(addT ). And for any N ∈ CZ/2(T ), if g1 : W → N is
a minimal left CZ/2(addT )-approximation, then g1 is surjective, and ker(g1) ∈ CZ/2,ac(addT ).
Proof. For any M ∈ CZ/2(A), Theorem 5.8 (i) shows that there is a short exact sequence
(20) 0→M
u1−→ X
u2−→ T2 → 0
with X ∈ CZ/2(T ), T2 ∈ CZ/2,ac(addT ). Since Ext
1
CZ/2(A)
(T2, U) = 0 for any U ∈ CZ/2(T ) by
Theorem 5.11, we get that u1 is a right CZ/2(T )-approximation. Thus CZ/2(T ) is a contravariantly
finite subcategory of CZ/2(A).
Similarly, we can prove that CZ/2(addT ) is a covariantly finite subcategory of CZ/2(T ).
Furthermore, if f1 : M → Z is a minimal right CZ/2(T )-approximation, let f2 : Z → Z
′ be the
cokernel of f1. From (20), there exist s1 : Z → X and s2 : X → Z such that u1s1 = f1 and
s2u1 = f1. We get the following commutative diagram
M
f1 //
1

Z
f2 //
s1

Z ′
t1

M
u1 //
1

X
u2 //
s2

T2
t2

M
f1 // Z
f2 // Z ′.
It is easy to see that there exist t1, t2 such that t1f2 = u2s1 and t2u2 = f2s2. Since f1 is a right
minimal morphism, we get that s2s1 is an isomorphism, and then t2t1 is also an isomorphism.
Thus Z ′ is a direct summand of T2, and then in CZ/2,ac(addT ).
Similarly, we can prove that ker(g1) ∈ CZ/2,ac(addT ). 
For any M ∈ CZ/2(A), it admits a T -resolution:
0→M
f1
−→ X
f2
−→ T2 → 0, and 0→ T1
g1
−→ T0
g2
−→ X → 0,
as in Theorem 5.8. If f1 is a minimal right CZ/2(T )-approximation, and g2 is a minimal left
CZ/2(addT )-approximation, then this T -resolution is called to be a minimal T -resolution. Corol-
lary 5.12 implies that minimal T -resolution always exists. Easily, minimal T -resolution is unique
up to isomorphisms.
Lemma 5.13. Let A be a hereditary abelian k-category with a tilting object T . For the exact
category addT , let TZ/2 be the subset of H(CZ/2(addT )) formed by all q[K], where q ∈ Q
×,
K ∈ CZ/2,ac(addT ). Then TZ/2 is a multiplicatively closed, right Ore and right reversible subset
of H(CZ/2(addT )). Moreover, the right localization of H(CZ/2(addT )) with respect to TZ/2 exists,
and we denoted it by H(CZ/2(addT ))[T
−1
Z/2].
Proof. Theorem 5.11 yields that for any complexes K ∈ CZ,ac(addT ) and M ∈ CZ/2(addT ),
[K] ⋄ [M ] =
1
〈[K], [M ]〉
[K ⊕M ], [M ] ⋄ [K] =
1
〈[M ], [K]〉
[K ⊕M ].
So
[K] ⋄ [M ] =
〈[M ], [K]〉
〈[K], [M ]〉
[M ] ⋄ [K].
Then it is not hard to check that TZ/2 is a multiplicatively closed, right Ore and right reversible
subset of H(CZ/2(addT )). 
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In the following, we prove that H(CZ/2(addT ))[T
−1
Z/2] is isomorphic to the modified Ringel-Hall
algebra MHZ/2(A) as algebras.
Theorem 5.8 yields that any complex M ∈ CZ/2(A) admits a T -resolution:
(21) 0→M
w
−→ X
v
−→ T2 → 0, and 0→ T1
u1−→ T0
u0−→ X → 0.
Now, we can prove the main result of this section.
Theorem 5.14. Let A be a hereditary abelian k-category with a tilting object T . Then there exists
an algebra homomorphism
φ : H(CZ/2(addT ))→ H(CZ/2(A)).
(i) The homomorphism φ induces an algebra isomorphism
φ˜ : H(CZ/2(addT ))[T
−1
Z/2]
∼
−→MHZ/2(A).
(ii) The inverse of φ˜ is given by
ψ˜ : [M ] 7→
1
〈[M ], [T1 ⊕ T2]〉
[T0] ⋄ [T1 ⊕ T2]
−1,
where T0, T1, T2 are the objects in any T -resolution of M of the form (21).
Proof. The natural inclusion addT → A is a full exact embedding, and addT is closed under
extensions. So CZ/2(addT ) is a full subcategory of CZ/2(A), and also closed under extensions. So
we have
HomCZ/2(add T )(X,Y ) = HomCZ/2(A)(X,Y ), ∀X,Y ∈ CZ/2(addT ),
and
Ext1CZ/2(add T )(X,Y )Z = Ext
1
CZ/2(A)
(X,Y )Z , ∀X,Y ∈ CZ/2(addT ), Z ∈ CZ/2(A).
In fact if |Ext1CZ/2(A)(X,Y )Z | 6= 0, then Z ∈ CZ/2(addT ). Thus there exists an algebra homo-
morphism p : H(CZ/2(addT )) → H(CZ/2(A)) by the definition of multiplication. Since the full
embedding CZ/2(addT ) → CZ/2(A) is exact and maps acyclic complexes to acyclic complexes, it
is easy to see that φ induces an algebra homomorphism
φ˜ : H(CZ/2(addT ))[T
−1
Z/2]→ (H(CZ/2(A))/IZ/2)[S
−1
Z/2].
We define
ψ : H(CZ/2(A))→H(CZ/2(addT ))[T
−1
Z/2]
by
[M ] 7→
1
〈[M ], [T1 ⊕ T2]〉
[T0] ⋄ [T1 ⊕ T2]
−1,
where T0, T1, T2 are the objects in any T -resolution of M of the form (21). In order to check that
ψ is well-defined, for any minimal T -resolution
0→M
w′
−→ X ′
v′
−→ T ′2 → 0, and 0→ T
′
1
u′1−→ T ′0
u′0−→ X ′ → 0,
there is a commutative diagram
M ′
w′ // X ′
v′ //
g

T ′2
f

M
w // X
v // T2,
which is a both pushout and pullback diagram. Obviously, g and f are sections, and their cokernels
are isomorphic, which is denoted by T ′′2 . Then T
′′
2 ∈ CZ/2,ac(addT ), and
T2 ∼= T
′
2 ⊕ T
′′
2 , X
∼= X ′ ⊕ T ′′2 .
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Similarly, we also get the following commutative diagram
T ′1
u′1 //
h1

T ′0
u′0 //
h0

X ′
g

T1
u1 // T0
u0 // X.
It is easy to see that h0 and h1 are sections. Denote by T
′′
1 and T
′′
0 the cokernels of h1 and h0
respectively. Then
T0 ∼= T
′
0 ⊕ T
′′
0 , and T1
∼= T ′1 ⊕ T
′′
1 .
Furthermore, by the above commutative diagram, there exists a short exact sequence of acyclic
complexes: 0→ T ′′1 → T
′′
0 → T
′′
2 → 0, which yields that T
′′
0
∼= T ′′1 ⊕ T
′′
2 .
Then we get that
1
〈[M ], [T1 ⊕ T2]〉
[T0] ⋄ [T1 ⊕ T2]
−1
=
1
〈[M ], [T ′1 ⊕ T
′′
1 ⊕ T
′
2 ⊕ T
′′
2 ]〉
[T ′0 ⊕ T
′′
0 ] ⋄ [T
′
1 ⊕ T
′′
1 ⊕ T
′
2 ⊕ T
′′
2 ]
−1
=
1
〈[M ], [T ′1 ⊕ T
′′
1 ⊕ T
′
2 ⊕ T
′′
2 ]〉
[T ′0 ⊕ T
′′
1 ⊕ T
′′
2 ] ⋄ [T
′
1 ⊕ T
′′
1 ⊕ T
′
2 ⊕ T
′′
2 ]
−1
=
1
〈[M ], [T ′1 ⊕ T
′′
1 ⊕ T
′
2 ⊕ T
′′
2 ]〉
〈[T ′0], [T
′′
1 ⊕ T
′′
2 ]〉
〈[T ′1 ⊕ T
′′
2 ], [T
′′
1 ⊕ T
′′
2 ]〉
[T ′0] ⋄ [T
′′
1 ⊕ T
′′
2 ] ⋄ [T
′′
1 ⊕ T
′′
2 ]
−1 ⋄ [T ′1 ⊕ T
′
2]
−1
=
1
〈[M ], [T ′1 ⊕ T
′′
1 ⊕ T
′
2 ⊕ T
′′
2 ]〉
〈[M ], [T ′′1 ⊕ T
′′
2 ]〉[T
′
0] ⋄ [T
′
1 ⊕ T
′
2]
−1
=
1
〈[M ], [T ′1 ⊕ T
′
2]〉
[T ′0] ⋄ [T
′
1 ⊕ T
′
2]
−1.
So ψ is well-defined.
For any short exact sequence
0→ K
a1
−→ L
a2
−→M → 0
in CZ/2(A), with K acyclic, we get that K and M admit the following T -resolutions:
0→ K
b1
−→ XK
b2
−→ TK2 → 0, and 0→ T
K
1
c1
−→ TK0
c2
−→ XK → 0,(22)
0→M
d1
−→ XM
d2
−→ TM2 → 0, and 0→ T
M
1
e1
−→ TM0
e2
−→ XM → 0.(23)
Note that XK , TK0 are acyclic complexes.
Applying HomCZ/2(A)(−,K) to the short exact sequence M → X
M → TM2 , together with
Proposition 2.4, we get that Ext1(XM ,K) → Ext1(M,K) → Ext2(TM2 ,K) = 0. So there exists
X ′ such that the following diagram commutates
K
a1

K
f1

L
g1 //
a2

X ′
g2 //
f2

TM2
M
d1 // XM
d2 // TM2 .
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Furthermore, we also get the following pushout diagram:
K //
f1

XK //
j1

TK2
X ′
h1 //
f2

XL
h2 //
j2

TK2
XM XM .
By using it, we also obtain the following pushout diagram:
L
g1

L
h1g1

X ′
h1 //
f1

XL
h2 //

TK2
TM2
// W // TK2 .
From it, we get that 0→ TM2 →W → T
K
2 → 0 is exact, which splits since Ext
1(TK2 , T
M
2 ) = 0, and
soW ∼= TK2 ⊕T
M
2 . Thus, 0→ L→ X
L → TK2 ⊕T
M
2 → 0 is exact with T
K
2 ⊕T
M
2 ∈ CZ/2,ac(addT ).
It is easy to see that the following diagram is commutative with each row and column short
exact.
K
a1 //
b1

L
a2 //
h1g1

M
d1

XK
j1 //
b2

XL
j2 //

XM
d2

TK2
// TK2 ⊕ T
M
2
// TM2 .
Since XK is acyclic, Theorem 5.11 implies Ext1CZ/2(A)(T
M
0 ,X
K) = Ext1DZ/2(A)(T
M
0 ,X
K) = 0. So
we can construct the following commutative diagram with the middle row short exact.
TK1
c1 //

TK0
c2 //

XK
j1

TK1 ⊕ T
M
1
//

TK0 ⊕ T
M
0
//

XL
j2

TM1
e1 // TM0
e2 // XM .
Therefore,
ψ([L]) =
1
〈[L], [TK1 ⊕ T
M
1 ⊕ T
K
2 ⊕ T
M
2 ]〉
[TK0 ⊕ T
M
0 ] ⋄ [T
K
1 ⊕ T
M
1 ⊕ T
K
2 ⊕ T
M
2 ]
−1
= ψ([K ⊕M ]).
In this way, we can get that ψ can induce a linear map
H(CZ/2(A))/I
′
Z/2 →H(CZ/2(addT ))[T
−1
Z/2].
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For any complex M , and acyclic complex K, we assume that their T -resolutions are as (22)
and (23) shows. Then
ψ([M ]) ⋄ ψ([K])
=
1
〈[M ], [TM1 ⊕ T
M
2 ]〉〈[K], [T
K
1 ⊕ T
K
2 ]〉
[TM0 ] ⋄ [T
M
1 ⊕ T
M
2 ]
−1 ⋄ [TK0 ] ⋄ [T
K
1 ⊕ T
K
2 ]
−1
=
〈[TM1 ⊕ T
M
2 ], [T
K
0 ]〉
〈[M ], [TM1 ⊕ T
M
2 ]〉〈[K], [T
K
1 ⊕ T
K
2 ]〉〈[T
K
0 ], [T
M
1 ⊕ T
M
2 ]〉
[TM0 ] ⋄ [T
K
0 ] ⋄ [T
M
1 ⊕ T
M
2 ]
−1 ⋄ [TK1 ⊕ T
K
2 ]
−1
=
〈[TM1 ⊕ T
M
2 ], [T
K
0 ]〉〈[T
K
1 ⊕ T
K
2 ], [T
M
1 ⊕ T
M
2 ]〉
〈[M ], [TM1 ⊕ T
M
2 ]〉〈[K], [T
K
1 ⊕ T
K
2 ]〉〈[T
K
0 ], [T
M
1 ⊕ T
M
2 ]〉〈[T
M
0 ], [T
K
0 ]〉
[TM0 ⊕ T
K
0 ] ⋄ [T
M
1 ⊕ T
M
2 ⊕ T
K
1 ⊕ T
K
2 ]
−1
=
1
〈[M ], [K]〉〈[M ⊕K], [TM1 ⊕ T
M
2 ⊕ T
K
1 ⊕ T
K
2 ]〉
[TM0 ⊕ T
K
0 ] ⋄ [T
M
1 ⊕ T
M
2 ⊕ T
K
1 ⊕ T
K
2 ]
−1
=
1
〈[M ], [K]〉
ψ([M ⊕K])
= ψ([M ] ⋄ [K]),
where [M ] ⋄ [K] is defined since H(CZ/2(A))/I
′
Z/2 is a AZ/2,ac(A)-bimodule. Similarly, we can also
prove that ψ([K] ⋄ [M ]) = ψ([K]) ⋄ ψ([M ]).
Furthermore, for anyK ∈ CZ/2,ac(A), it is easy to see that ψ([K]) is invertible inH(CZ/2(addT ))[T
−1
Z/2],
so we get that ψ induces a morphism
ψ˜ : (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]→H(CZ/2(addT ))[T
−1
Z/2].
In fact,
ψ˜(s−11 ⊗ a⊗ s
−1
2 ) = ψ(s1)
−1ψ(a)ψ(s2)
−1, for any s−11 ⊗ a⊗ s
−1
2 ∈ (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2].
From Theorem 3.12, we know that
MHZ/2(A) ≃ (H(CZ/2(A))/I
′
Z/2)[S
−1
Z/2]
naturally as linear spaces, we get that there is a linear map fromMHZ/2(A) toH(CZ/2(addT ))[T
−1
Z/2],
which is also denoted by ψ˜.
It is easy to see that ψ˜φ˜ = id. On the other hand, for any M ∈ CZ/2(A), we know that in
MHZ/2(A):
[M ] =
1
〈[M ], [TM2 ]〉
[XM ] ⋄ [TM2 ]
−1
=
1
〈[M ], [TM2 ]〉〈[X
M ], [TM1 ]〉
[TM0 ] ⋄ [T
M
1 ]
−1 ⋄ [TM2 ]
−1
=
〈[TM2 ], [T
M
1 ]〉
〈[M ], [TM2 ]〉〈[X
M ], [TM1 ]〉
[TM0 ] ⋄ [T
M
1 ⊕ T
M
2 ]
−1
=
1
〈[M ], [TM1 ⊕ T
M
2 ]〉
[TM0 ] ⋄ [T
M
1 ⊕ T
M
2 ]
−1.
So φ˜ψ˜ = id, which implies φ˜ is an isomorphism and ψ˜ is its inverse map. The proof is complete. 
As a corollary, we prove that the invariance of the modified Ringel-Hall algebras under derived
equivalences induced by tilting objects.
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Corollary 5.15. Let A be a hereditary abelian k-category with a tilting object T . If Λ = End(T )op
is a hereditary algebra, then MHZ/2(A) ≃ MHZ/2(modΛ). In particular, the Drinfeld double
Ringel-Hall algebra of Hetw(A) is isomorphic to that of H
e
tw(modΛ).
Proof. Since A and modΛ are hereditary categories. Theorem 5.14 implies that
MHZ/2(A) ∼= H(CZ/2(addT ))[T
−1
Z/2].
Let P be the exact category of modΛ formed by the finitely generated projective modules. We
set RZ/2 to be the subset of H(CZ/2(addΛ)) formed by all q[K], where q ∈ Q
×, K ∈ CZ/2,ac(P).
Similar to the proof of Lemma 5.13, we get that the right localization of H(CZ/2(P)) with respect
to RZ/2 exists, and denote it by H(CZ/2(P))[R
−1
Z/2]. Theorem 5.14 also implies that
MHZ/2(modΛ) ∼= H(CZ/2(P))[R
−1
Z/2].
Since addT is equivalent to P as exact categories, it is easy to see that
H(CZ/2(addT ))[T
−1
Z/2]
∼= H(CZ/2(P))[R
−1
Z/2].
By Combining all these isomorphisms, we get that MHZ/2(A) ≃MHZ/2(modΛ).
By the above, the last statement follows from Theorem 4.11 immediately.

In the following, we consider the relation between the modified Ringel-Hall algebra and the
Z/2-graded semi-derived Hall algebra, and also the Bridgeland’s Ringel-Hall algebra.
We recall the definition of Z/2-graded semi-derived Hall algebra defined in [Gor]. Let ε be an
exact category satisfying the following conditions:
(C1) ε is essential small, idempotent complete and linear over some ground field k.
(C2) For each pair of objects A,B ∈ Ob(ε) and for each p > 0, we have |Extp(A,B)| < ∞,
|Hom(A,B)| <∞.
(C3) For each pair of objects A,B ∈ Ob(ε), there exists N > 0 such that for all p > N , we have
Extp(A,B) = 0.
(C4) ε has enough projectives, and each object has a finite projective resolution.
Let P denote the full subcategory of the projective objects of ε.
Define the left relative Grothendieck monoid M ′0(ε˜) as the free monoid generated by the set
Iso(ε˜), divided by the following set of relations:
〈[L] = [K ⊕M ]|K ֌ L։M is a conflation,K ∈ CZ/2,ac(ε)〉.
Similarly, define the left relative Grothendieck group K ′0(ε˜) as the free group generated by the set
Iso(ε˜), divided by the following set of relations:
〈[K]− [L] + [M ] = 0|K ֌ L։M is a conflation,K ∈ CZ/2,ac(ε)〉.
Consider the Q-vector space with basis parametrized by the elements of M ′0(ε˜). Define on this
space a structure of a bimoduleM′Z/2(ε) over AZ/2,ac(ε) by the rule
[K] ⋄ [M ] :=
1
〈[K], [M ]〉
[K ⊕M ], [M ] ⋄ [K] :=
1
〈[M ], [K]〉
[M ⊕K]
for K ∈ CZ/2,ac(ε),M ∈ ε˜. Then
MZ/2(ε) := TZ/2,ac(ε)⊗AZ/2,ac(ε)M
′
Z/2(ε)⊗AZ/2,ac(ε) TZ/2,ac(ε)
is a bimodule over the quantum torus TZ/2,ac(ε).
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Definition 5.16 ([Gor]). We endow MZ/2(ε) with the following multiplication: the product of
the classes of two complexes L,M ∈ ε˜ is defined as
(24) [L] ⋄ [M ] =
1
〈[AL], [L]〉
[AL]
−1 ⋄
∑
X∈Iso(ε˜)
(
|Ext1ε˜(PL,M)X |
|Hom(PL,M)|
[X]),
where AL֌ PL
qis
։ L is an arbitrary conflation with AL ∈ CZ/2,ac(ε), PL ∈ P˜. We call the resulting
algebra the Z/2-graded semi-derived Hall algebra SDHZ/2(ε).
Furthermore, from [Gor], we also get that the Z/2-graded semi-derived Hall algebra of exact
category addT satisfying
SDHZ/2(addT ) ∼= (H(CZ/2(addT ))[T
−1
Z/2],
where TZ/2 is the set of all classes [K] of acyclic Z/2-graded complexes in CZ/2(addT ).
Corollary 5.17. Let A be a hereditary abelian k-category with a tilting object T . Then there exist
algebra isomorphisms
DH(modEnd(T )op) ≃ SDHZ/2,tw(mod(End(T )
op))
∼
←− SDHZ/2,tw(addT )
∼
−→MHZ/2,tw(A).
Proof. The first two isomorphisms follow from [Gor, Corollary 9.18-9.19], and the last one follows
from Theorem 5.14 since
SDHZ/2(addT ) ∼= (H(CZ/2(addT ))[T
−1
Z/2].

Now, we consider the coherent sheaves on a weighted projective lines over the finite field k = Fq,
and then get the following corollary directly.
Corollary 5.18. Let A be the category of coherent sheaves on a weighted projective line over k,
and T be the tilting object with Λ = End(T )op the canonical algebra. Then there exists an algebra
isomorphism
DH(modΛ) ≃ SDHZ/2,tw(modΛ)
∼
−→MHZ/2,tw(A).
Corollary 5.19. Assume that A is the category of coherent sheaves on a weighted projective line
over k. Let Λ be the canonical algebra of the same type, i.e., there exists a tilting object T in A such
that Λ ∼= End(T )op. Then the twisted semi-derived Hall algebra SDHZ/2,tw(modΛ) and also the
Bridgeland’s Ringel-Hall algebra DH(modΛ) are isomorphic to the Drinfeld double Ringel-Hall
algebra of Hetw(A).
Proof. It follows from Corollary 5.18 and Theorem 4.11 immediately. 
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